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TEXHUYKU EJABOPAT

IIpoGJieM KOju ce TEXHHYKMM pellelheM pelasBa

Cumynanja paga poOoTa, opes CBoje OCHOBHE (yHKIMje Na BpIIK Bepu(HUKAIM]y 3a1aTHX
MyTama, MPEJCTaB/ba Ba)kaH CETMEHT HUXOBOT pasBoja, Tj. pa3Boja MEXaHUYKE CTPYKTYype,
yIIpaBJhauKOT CcHUCTeMa W coTBepa 3a mporpamupame poborta. Ilpmimmkom mporpamupama
MHYCTPUJCKHX poOOTa TPEHYTHO HAj3aCTYIJbEHU]OM METOI0M MpOrpaMupama - IporpaMupame
y4emhEeM, TMPOU3BOJIHA JIMHHUja CTaje, IITO JOBOJW JO 3HAaudajHOT T'yOMTKa HOBHA. Jlyrorpajan
IpoLec nporpamupama podoTa, KOju 3aXTeBa TEXHUUKY OOY4EHOCT M €KCIEepTH3Y, MpeicTaBba
TJIaBHY TIPENpeKy 3a yBohemwe podoTa y MPOU3BOJIHE Mpoliece MaluX U cpenmux npemyseha [1].
Crora oduiauH mporpamupama poOOTa ca MOy3JaHUM CHUCTEMOM 3a CHMYJIAlM]y paja podoTa
MpeJCTaBba BEOMa aTPAKTHBHO peIIeHhe Koje JOBOIU N0 YIITEAEC y BPEMEHY M HOBIYy Yy
MIPOM3BOHUM IPOLECHMa Yy KOJUMa y4eCTBY]y UHAYCTpUjcku poOoTu. OJ BENUKOT 3Haydaja je u
MOCTOjake MOTYNHOCTH yaajbeHOT Tpahema pajia MallnHE y peaTHOM BpeMeHy. 3a moTpebe
BHCOKE Ta4HOCTH, PajJd TeCTHpama W Bepudukaimje, cuMmyannja poOOTCKOT cucTeMa Mopa Ja
y3Me y 003up IOUHAMHAYKH MOJEJ, IITO je BeoMa KOMIUIEKCaH 3aJaTak ¢ oO03MpoM Ha
HECTaIMOHAPHH, BHIIIECTYKO-TIPEHOCHH, HEIMHEAPHH TUHAMUYKH MOJIeT poOoTa, KOjU 3aBHCH O]1
TpeHyTHe KOoH(uryparuje poborta, Op3uHa U yOp3ama KpeTama HhEroBUX WIAHOBA, KA0 U O
MIPOMEHJBUBOT TEepeTa.

NmMmiieMeHTanmja TuHAMUYKOT MOJIENa je OJ1 MOoCeOHOT 3Hayaja 3a ynpaBJhbakbe WU CUMYJIALN]Y
pob6oTa BUCOKHX TieppopMaHCcH, Tj. poOOTa KOjU TMTOCTHKY BeluKke Op3uHe. J[Ba OCHOBHaA 3a/1aTka
y OTUHAMHLK poOoTa Cy peliaBame JTUPEKTHOT W MHBEP3HOT TUHAMUYKOT 3a/1aTka. VHBep3HH
TMHAMUYKH 3aJaTak IoJpa3symMeBa ojapehuBame MOKpEeTaukHX MOMEHaTa y 3rJI000BUMa Ha
OCHOBY 3aJIaTHX TpajeKkTopuja (mo3uiuja, Op3uHa W yOp3ama) 3rio0oBa pobota. JupekTHH
TUHAMUYKHA 33JlaTak Cce€ OJHOCH Ha ojpehuBame TpajekTopmja 3ri000Ba poOOTa 3a ylazHe
BPEIHOCTH MOMEHara y 3rio0oBuMa. JIoK ce permieme mpodieMa MHBEp3HE JAMHAMHKE PoOOTa
(M) xopuctu 3a motpede ynpasibama, periemhe nmpodiaema aupektae nuaamuke (J/1) ce no cana
KOPHUCTHJIO YTJIaBHOM 3a MoTpede cumynanje paga poborta. JIBa TpeHyrHO HajBeha mM3a3oBa 3a
yBOheHe TUHAMUYKOT MOJIelIa po0OoTa y pelaBame npodieMa yrnpapibamka U CUMYyamnuje cy: 1)
BEJIMKA PayyHCKA CJIOKCHOCT KOHBEHIIHOHATHUX METOJIa 32 MOJICIIUPAhEe JMHAMHYKOT MOJIENa U
2) cI0EeHOCT MpuMeHe noctojehrx MeToa Ha poOoTe ca BUIIIE CTEIEHH cI000/1e KpeTamba.

Pexyp3uBuu bbytH-Ojnep anropuram (RNEA) je y poGoTckoj nuteparypu IpuxBaheH Kao
paduyHCKH HajeMKAaCHUJU METOJ 3a M3BOheme JAMHAMUYKHX jefHAYMHa KpeTrama pobdoTa. Ilo
J0CaJallkbeM HajpaclpoCTPamkbeHUjeM METOAY 3a PElIaBambe JAUPEKTHOT THHAMHYKOT 33/1aTKa
po6ota - Walker u Orin WO1 merony, HeonxoHo je 1a ce RNEA angropuram usspiiu N + 1 myra
3a CBaKW IMepHoj uHTepronanuje (At) ympaBsbaukor cucrema, rje je N Opoj cTemeHu crnoboje
Kperama. OBO M3HCKYje N3Y3€THO BEJIMKU OpOj pauyHCKUX Oomnepaluja, 300r 4era je 10 pelaTUBHO
CKOpo Omiio Hemoryhe KOpHUCTHTH OBe aJropuTMe 3a NoTpebe ynpaBibamba M CHUMYyJalMje paaa
pobota y peaTHOM BpeMEHY.

VY 0BOM TEXHHYKOM DCILCHY OMUCAH J& Pa3Boj aropuT™Ma U codTBepa 3a euKacaH MpopadyH
JUJI poGora um meroBa codTBepcka MMILJIEMEHTAIMja Y MHTETPUCAHU CHUCTEM 3a YIpaBJbambe,
CUMYJIAIUjy ¥ ynajbeHo npahemwe paaa podorta L-RC (Jloma po6ot kouTposep). L-RC kopuctu
po6otcku jesuk L-IRL (Lola Industrial Robot Language). Osaj ympaBibauku cucteMm je
yHanpehen yBohewem /[IJI y mmanep mnyrame (Tpajekropuje) poOota. Ilmanep mnyrame je

5



npUMapHH JIeo coPTBEpa 3a yIpaBibambe KpeTambeM podoTa y OKBUPY poOOT KOoHTpoJiepa. Hberos
U3J1a3 IPEJICTaBJba yia3 y CepBOKOHTpOJIEpe orona podota. [Inanep myrame je u geo cucrema
3a CUMYJIalnjy KpeTama po0oTa.

HoBu pauyHcku edukacaH W jeJHOCTABaH 33 UMIUIEMEHTAIM]y MeTo1 3a mpopauyH ][ pobora
KopuctH pasBujeHn MomudukoBanu Pexyp3uBuu IbyrH-OjnepoB amropuram (mRNEA) 3a
pelaBame JUPEKTHOT JMHAMHYKOT 33/1aTKa CaMo jeTHOM y TOKY jeHOT Mepro/ia HHTEPIIOJAIHje.
Mertox 6a3upan Ha mRNEA je HajjeqHOCTaBHMjU 32 TPUMEHY U PAYyHCKH Haje(pMKACHUJH METOJ
ol cBUX mocTojehrx MeTona 3a pemaBame JUPEKTHE TUHAMUKE poboTta. PauyHcka edukacHoCT
npencrasibenux U1 u J1J1 anropurama 3a po60Te OTBOPEHOT KMHEMATHUKOT JIaHIa MOCTUTHYTA
Jj€ HOBMM HAa4MHOM JIMCKpETH3alije JeHaUYnHa KpeTamwa, a J0JaTHO je yHampeheHa YnmbeHnoM
Jla HUje HEOIXOJIaH IPOopavyyH MOMEHATa y 3TJI000BMMAa KOjU C€ KOPHCTE Kao yja3 y ajJropuram
JJ1 (3a pa3nuky ol APYyrMX METo/a), T€ Ce cCaMUM THM Opoj payyHCKUX OIlepaluja 3Ha4ajHo
cMamyje.

[IpencraBibeHN METOA 3a pellaBambe JTUPEKTHOT AMHAMUYKOT 3afaTtka OazupaH Ha mRNEA je
3HayYajaH je 3a nmorpede cuMynanuje U ynpaBibama poboTa. Y Torieay cuMmyliaiuje poOOTCKUX
CHCTEMa, OBa] METOJ| J1aje €CEHIIMJATHH JOTIPHHOC 3a OCTBAPHUBAKE BEPOJIOCTOJHE CHUMYJIAIN]e
KpeTama po0oTa, Kako y oiajH pexuMy, TaKO M y peaTHOM BpeMeHy u3 cieaehux paszmora: 1)
padyHCcKa eprKacHOCT, K0ja je MoceOHO 3HauajHa ca acleKTa CuMysaIlje pajaa podoTa y peatHoM
BpeMeHy; 2) oMoryhaBame peaqucThUyHe (TauHe W W3BOJAJbHBE) CHUMYIallje KpeTama poOdoTa Ha
OCHOBY Da3BHJjCHOT aJIropuTMa KOjU U3padyHaBa OCTBapuWBa yOp3ama 3ri00oBa poboTa
y3umajyhu y 003up MakCHMalHE MOMEHTE/CHIIE KOjé MOTOPH MOTY 1a octBape (Amropuram 1),
3a pa3uKy O]l APYTrHX, 0 caja MpeACTBaJbeHNX METOIa.

[Mpemmoxxern mMRNEA, meroBa mnpumena y okBupy anroputma J[JI, xao u edukracHoCT
MPECTaBIbEHUX AITOpUTaMa Cy MCIHUTAaHE M JEMOHCTPUpPAaHE Ha 6-OCHOM CEpPHjCKOM poOoTy. 3a
pPa3BoOj TMHAMUYKOT MOJena poOoTa, HAa OCHOBY KOra C€ BPIIM CHUMYJalja HErOBOT KpeTama
passujen je 3J] momen pobora y CAE (Computer-aided engineering) codtsepy (rpaduuxa
cuMylianija paga poboTa HHje €0 MPEeIOKEHOT TEXHHYKOT pemema). IlpeacraBibeHu
ANTOPUTMU Cy MperodeHu y codBepcky ammukanujy ERFD koja je Hammcana y C++ je3uky.
CodrBep ERFD ce wummieMeHTHpa y OKBHpPY CHCTEMa 3a IMpOTpaMUpame, YIPaBJbambe,
CUMYJIALIM]y M yAajbeHo npaheme paga poOOTCKHX cucTeMa rie omoryhaBa Kako BepH(pHUKaILIN]y
porpaMHpaHux IyTamka poO0Ta, TaKO M BEPOJOCTOJHY CHMYJIAIUjy KpeTama pPOOOTCKUX
ciucremMa y pearHoM BpeMeHy. OCHM Kao Je0 CHCTeMa 3a MpOrpaMUpame, YIpaBibambe,
CUMYJIallMjy W yaaJbeHo mpaheme Kperama pobota, ERFD ce Moxke kopuctutu u Kao
camocTaiiHu codTBep 3a mpopauyH JIJI poboTa m cucTtema KpyTHX Tella Ca BHIIE CTCIICHU
c11000/1€ 3a pa3IUIUTE IPUMECHE.

Crame pelieHoCTH TOr MPodJieMa y CBeTy:

[Tocnenwux HEKOJIUKO JIlleHHja Y poOOTHIIM oOenexuiia cy 3HayajHa UCTpaKMBamba Be3aHa 3a
CJI0O)KEHOCT M3pauyyHaBamka JUHAMUYKUX MOjeNa poOoTa y OKBUPY NPOjEeKTOBamba MEXAHUUKE
CTPYKTYypE, pa3Boja yIpaBJbayKuX M CUMYJIAllMOHUX CHUCTEMa 3a poOOTe BUCOKUX MepdopMaHcH,
Ka0 U YOIIILITEHO 3a CUCTEME KPYTHX TeJaA.

JlarpamxoBa ¢opMmynanuja jeHauMHa KpeTama pobota (JID) je Beoma 3HauajHa ¢ 0063UpOM Ja
naje eKCIUTMIUTHO N X N Matpuiy uHepimje H(Q), u offset Bekrop U’, Koju 03Ha4aBa JONMPUHOC
BEKTOpPY MOMeEHara y 3rjo0oBMMa poOoTa Koju HHje (yHKuMja yOp3ama 3rio0oBa poborta
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g=0(t) [2-10]. OBaj merox ce 10 cCKOpa, yciell OrpaHMYCHUX MOTYhHOCTH padyHapa, yriaBHOM

KOPHUCTHO 3a poOoTe rne je Opoj creneHu cinobone N < 3, 300T BHCOKE PAauyHCKE CIOKEHOCTH
anroputma-O(n?). Tlo3HaTo je na ce onTMMaaHa payyHCKa CIOKEHOCT AMHAMHYKOT MOJeNa
pobora mobuja ymorpebom pekypsuje [3]. Pexyp3usuu JI® anropuram koju je passujen y [11]
ocTBapyje pauyHcky cinoxkenoct O(n®). Pexypsunu HbyTH-OjIepoB MeToj ce TOKa3ao Kao
pauyHCKM BeoMa e(duKacaH 3a pelICHe HHBEP3HOr JWHAMHUYKOr 3aj1aTka pobota. Iberopa
pauyncka ciosxkeHoct je O(n). RNEA meron koju je pasBujeH y [12] je HazaBucaH o1 poOOTCKe
KOH(UTrypanuje.

3a pemaBame TUPEKTHOT JUHAMUYKOT 3a7aTka po0O0Ta, Hajlio3HATH]Ee Cy 4 METOJIe pa3BUjeHE O]
crpane Walker u Orin-a (WO1-4), unja je pauyncka cioxernoct O(n?), a xoju cy 6asupanu Ha
RNEA anropurmuma. HajjennocraBauja u Hajnpuxsahenuja JIJ] metona no caga mpucytHa y
matepatrypu je WO1 merona. Pauyncku nHajepukacuuja je WO3 meroma mo3HaTa jornr Kao U
Composite-Rigid-Body Algorithm (CRBA). Meljytum, nako padyHcku epukacHa, oBa METO/Ia je
M3Y3€THO TEIKa 3a NMPUMEHY Ha YHUBEP3aIHOM pOOOTY KOjU HMMa BHILIE CTENEHU CI000]e
kperama [2,10,13]. Ocranu 3Ha4ajuu pagoBu u3 obmactu JIJI anropurama cy matu y [14]. C
003upoM Ha yOp3aHM pa3BOj padyHapa, jJeTHOCTaBHOCT MPUMEHE alropuTMma (Ha HOBU poOOT)
MOCTaje jeJHaKO OWTHA, aKO HE U OUTHH]a 0J1 0COOMHE PAuyHCKE CII0KEHOCTH aJITOPUTMA.

MomudukoBanu Pexkypsuau bytH-Ojnepos Anropuram (MRNEA), Koju je oBJie Mpe3eHTOBaH,
je pa3BHjeH 3a TMOTpede pelaBame ITUPEKTHOT JUHAMHYKOT 3amatka pobota. PauyHcka
croskeroct JIJ1 anropurma 6asupanor Ha MRNEA je O(n). 3a 6poj crenenu ciobozae n=3, 4, 5, 6
y TabGenu 1 je nmar Opoj pauyHCKuX omepainudja 3a npeacraBibenu /] amroputam. [lopeheme
padyHCKe clIo)kKeHocTH pasBujeHor J[JI Meroma ca Haj3HA4YajHHjUM 1O cajia TPEACTaBJLEHUM
MeTofama y Jnuteparypu je gara y Tabemm 2. Y Tabemu 1 m TabGemm 2, M je o3Haka 3a
MHOXEHE/e/behe, a A je 03Haka 3a cabupame/omysumame. JIJ| meton 6azupan Ha MRNEA
QITOPUTMY, OCUM IITO j€ pavyyHCKH Haje(pHKaCHUjU OJ CBUX Pa3BHjCHHX METOJIA, JEAHOCTABAH j&
3a mpumeny. Ocum Tora, MRNEA naje marpuny unepruje H(Q) m odcer Bexktop U’ y
eKCIUTMIIUTHOM OOJIMKY, IIITO je 3HAau4ajHO, jep omoryhaBa pemiaBame yOp3ama djgaHoBa poOoTa
KpO3 pelllaBamke CUCTeMa JIMHEAPHUX jeIHAYHMHA.

Tabena 1
PauyHcka cioxkenoct passujenor O(n) /] anroputma 3a pa3jinunre OpojeBe CTeneHu cjaodoe.
n=3 n=4 n=5 n=6
241M 188A 484M 376A 854M 662A 1356M 1038A
Tabesa 2
bpoj pauynckux onepanuja 3a I/ anropuram 3a po0ot ca 6 creneHu ciaodone.
Metona MHoxeme Cabupame
Walker and Orin’s method 1 (1982) [6,7] 3418 2502
Walker and Orin’s method 2 (1982) [6,7] 2308 1692
Walker and Orin’s method 3 (1982) [6,7] 1627 1255
Featherstone (1983) [15] 2190 1915
Saha — based on DeNOC (2003) [16] 2008 1919
Mohan and Saha— based on DeNOC (2007) [17] 1948 1667
J/J 6a3mpan Ha MRNEA 1356 1038

VYKJbyuMBamke JAWHAMUYKOT MOJIENa jeé HEONXOJHO 3a HCIpaBHY CHUMYNalUjy paaa poboTa, a
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yjeHo U HajBehr M3a30B IpH Pa3Bojy cHCTEMa CUMYJanuje paga podora. TpeHyTHO Ha TPXKUIITY
nocroje copTBEpU 3a CUMYINAILK]y pajza pobOTa uHja je JIMIEHIa BiacHHuUYKor Tuma (proprietary
license, ewe.), wiu Thma OTBOpEHOr Kozaa (Open-source, ewe.). Bemuku mpowmsBohaum poborta
pa3BHjajy CONCTBEHE cOBEPCKE CHCTEME 3a CUMYJaIjy paaa podota. [To3HaTn mpuMepu OBUX
codrBepa ykipyuyjy ABB RobotStudio [18], FANUC Roboguide [19] uta. OBu codrepu ce
noOujajy y3 BIACHUYKY JIMIICHITY YHja je [IeHA 3Ha4ajHa, W 110 WU HajBehm meo codreepa je
3aTBOPEHOT TUIIA, TAKO Jla CE HE MOXKE MPUCTYIUTH JUHAMUYKOM MOJIENTy poOOTa YKOJIHKO j& OH
UMIUICMEHTUPAH Y yIpaB/bakbe WM cuMmylanujy pama. OTBOpeHM KOA Yy COQTBEPCKHM
CHCTEeMHMa 3a YIPaBJbamkhe, MPOrpaMHUpame U CUMYNAIN]y paja podoTa MMa MHOIE MPETHOCTH
KOoje KOpUCHHKY omoryhaBajy MoauduKanujy MO COICTBEHHM IOTpedaMa M OCTBapHUBAE
HaMpeaHUX MOTYNHOCTH Tporpamuparma (HIIP. OCTBApHBAaKmE ONTUMAIHHMX IyTamba po0oTa Mo
MOTPOIIBU CJCKTPHYHE €HEepruje u ciauyHo). JlogaTHu mpoOiieM mpu YIoTpeOHW BIIACHHUYKHX
codTBepa HACTaje aKo Cc€ y MPOU3BOHO] JIMHUJU HaJla3e pOOOTH pa3IMYUTHX MPOU3BOhaya, Koju,
Kao ¥ HOBHje BEp3Uje CUMYNIAIMOHHMX CHCTEMa, YeCTO HE MOTY Jia Ce MOBEeXKY ca CTapHjuM
koHTposiepuma. Opn mocrojehux Open-source codrtBepa 3a cuMmynanyjy paaa poOoTa,
Hajrmo3Hatuju ¢y Gazebo simulator [20], Webots [21], uta. OBu cuctemMu uMajy MOJEE 32 HEKe
onpehene wHIyCTpHjcKe poOoTe Wi omoryhaBajy pas3Boj COICTBEHHX MoOjeNa Pa3TnuuTHX
TAYHOCTH. YKOJIMKO BpIIEe UMILIEMEHTAIM]y TUHAMUYKOT MOJeja, OBU CO(TBEPH CE YIrIaBHOM
ocnamajy Ha crosbHe Oubmmoreke T3B. Multibody Dynamic Engines. Hop. Gazebo simulator
kopuct Simbody [22], DART [23] u npyre oubnuoteke, koje cy Oasupane Ha Featherstone’s
Articulated Body Algorithm anroputmy [24].

Codreep ERFD xoju je oBne npukazas je 6azupan Ha MRNEA anroputmy xoju je padyHCKH 10
caZa HajeMKAaCHHUJU METO]I 3a pelllaBamke NUPEKTHOT JTUHAMHYKOT 3ajaTka poOoTa, Te caMuM
TUM oMoryhaBa 3Ha4ajHO 0oJbe TephopMaHce CHUCTEMa y peallHoM BpeMmeHy. bberosa apyra
MPEAHOCT je TO IITO y3uMa y o03up peaqHe MOTYhHOCTH MOTOpa, 3a pas3iiuKy OJ APYrux
copTBEpa OTBOPEHOT KOJa, TE€ OCTBApyje TauyHYy CHMYJAIM]y Ha OCHOBY OCTBapHUBHUX
Tpajektopuja pobota. CodtBep ERFD je pasujan ca Hamepom na Oyne y cCKiagy ca
napajgurMOM OTBOPEHOT KOJa.

Onuc TeXHNYKOT pellielha €a KapaKTepUCTHKAMA, YKbY4yjyhu
npatehe niaycrpaumje u TeXHHYKe HPTeEKe

HoBu anropuram qupekTHe TUHAMHMKE podoTa

Pamu wyMmepuuke HMIUIEMEHTAIUje y MOUCKPETHE CHUMYJAIMOHE M YIPaBJbayKe CHCTEME,
jenHauMHA KpeTama poboTa ce mopa auckperuzoBatu. Anroputam JIJ[ pauyna yOpzama

srmoboBa ((t;) y BpeMeHCKMM TpeHylMMa tk, 1 Ha OCHOBY WHX Op3uHe 3a cienehu mepros
untepnonammje  ((t,;), u mnosummje 3raoboBa ((tk+1)) Ha Kpajy crmeneher mepuona

uHTepnonanuje. Ynasu y JIJ] anroputaMm cy MOMEHTH KOjUMa MOTOPH JIeNyjy y 3rJ1060BOMMA -
BekTop U(tk); mHeprwmjanHe, rpaBuTaione, u KopHomucoBe cuie Koje Ielnyjy Ha YJIaHOBE
poOoTa; cujae U MOMEHTHU KOjH JIeNly]y Ha eHJI-e(EeKTOp; CHUiIe 1 MOMEHTH Tpemwa y 3I1000BUMa.

Hakon wspauynaBama ((t, ), Opsuna ((f ;) wu mosunmja q(t ;) 3a TpeHyrak tk+1 = tk +At ce

no0ujajy HyMEpHYKOM MHTETPALNjOM (Ca HHTETPAIIMOHUM KOpakoM At).

Anropuram W]/ pobora ca n crenenu cioboxae 1o0uja ce perraBambeM 0 MOMEHTHMA CHCTEMa
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jeIHaurMHa KOjU MPECTaBibhajy JUHAMHYKHA MOJET poO0oTa Y KOOpJHATaMa 3rJI000Ba:

H(@)§ +C(a,a)q+9(a) +I(@) k. =u, (1)

rae cy G, 4, q n x 1 BekTopu ybOp3ama, Op3uHa W Mo3uiHja 3riI000Ba poOOTa, CIECIACTBEHO;
C(g,9) je n x n marpuna KopuonucoBux u nenrpudyramaux edpekara; g(q) je n x 1 Bekrop

yTunaja rpaButanmje; Ke je 6 X 1 BEeKTOp CrosballlibUx CHJIa K MOMEHATa Koje Jeyjy Ha wiaH N;
J(q) je 6 x n JakoOujan maTpuia; u U je N X 1 BeKTOp yJIa3HUX CHJIa/MOMEHATa y 3rJI000BUMA.
Jlujaronannu wiaHoBu Matpuile uaepimje H(Q) ce omHoce Ha uHepIHje oaroBapajyhux crernena
ci1000/1e, TIOK OCTaJIM WIAHOBU OBE MaTpHUIlIe MPEJCTaBJbajy KOMOMHOBAHE UHEPLIM]jE MOJeAUHUX
4yaHoBa poboTa [5].

Kana cy mosnare Bpeguoctu ((t) u (t,) y jemxaumum (1), MomeHTH/CHIEe y 3riI000BHMA CY
nuHeapHe QyHkuuje yopsama ((t,) y TOKy neprosa HHTEpIOIALHMje IPUAPYKEHOM TPEHYTKY tk.
[Tpumenom JI® ce y ekcrummnuTHOM 00HKy 100ujajy marpuia H(Q) u sexktopu C(d,4)q, 9(q) u

J(q)Tke, Tako ma ce yopsawa ((f) mory mobutm pemaBameM cucteMa O N JHHEAPHUX
jenHaynHa:

H(a)g=u-u'(9,q.k,), (2)
u'(9,0.K.) =C(a,4)d+9(a)+I(@) K, . (3)

IMpennoxken npucTyn

[Tnanep myrame poOOT KOHTpoOJIepa MpUMa KOMaHJAE O JKEJBCHUM KpeTambuMa podoTa IaTHX y
nmporpamy Koju je neuHucao KOPUCHUK W TpaHCHOpMHINE MX Yy HHU3 y3aCTONMHHUX IO3HIIH]A
3rioboBa/akTyaTopa pobota. OBe MO3WIMjE CE Iajby CEPBO KOHTPOJEpUMA Y KOHCTaTHUM
BpeMeHCKUM pasmammMma At. C 003upoM 1a je mepuoj MHTEpPIOJIalfje CaBPEeMEHUX poOOT
KOHTposiepa BeoMa kparak (Hajuemhe ce kpehe 0,003-0,01s), Op3umnHe 3riobOoBa/akTyaTopa
G (t)=(0 (t.1)—Gi (t )) /At ce cmaTpajy KOHCTATHMM Yy TOKY jeJHOT MEPUOJIA UHTEPIIOJIALH]E, U
OHE Cy MPOTOPIMOHAIHE 3a/IaTHM TO3HIIMjaMa 3a BpEMEHCKU TpeHyTak tk. Ha ocHOBY oBora ce
3amare Op3uHE 3rJ000Ba MOTY YCBOJUTH 3a yhasze y cepBo koHTposiepe. C o03upom na cy
tpenytHa Opsuna C;(fy) u xemena Bpenmoct yopsama Gj(ty) mosmare, GpsuHa 3rioba iy

HapeHoM nepuoay untepnonamuje je G (tq)=0; (t )+ (tc) At, cnuxa 1.

q,- A .
qi(tk+])

A
g;i(tx ) At I q; (1)

|—|7A1

) L Iy Tis1 t

Cmmka 1. [IpopauyH xesbene Op3uHe Bese | pobora



VY kinacu4HUM cuMmynanuoHuM cuctemuma, J1/1 npBo m3pauynasa Offset Bextop U' pemaBamem
W] 3anmarka (Hajuenrhe momohy RNEA). Hakon Tora, I/l ¢dopmupa marpuny H, Hajuenthe
pemaBamem W] nmomohy RNEA n myra (WO wmetona 1). ¥V caenehem kopaky, cuMysianunoHH
cUCTeM padyHa BekTop U (koju je yma3 y /I anropuram) pemaajyhu M| tako ma 3rio6oBu
poboTa JocTHKY cBoje 3aaare mo3uije ((tk+1) Ha Kpajy uHTEepIoJauoHor nepuojaa (ciauka 1).
Oge mos3unyje ce pauyHajy y mianepy nyrame. Konauno, [1J] pemraBa cucreM o N (JTMHEApHUX)
jennaumHa (2) ma Ou mobwo ((t). Y nurTeparypu je HaBEACHO Ja MPHMEHOM JIO caja
HAj3aCTYIUBCHUJUX MPUCTYIA, CAMYJIAIMOHK CUCTEM poboTa Mopa jaa peumm U n + 2 nyra y
TOKY CBAaKOT MHTEPIOJIAUOHOT IEPUO/IA.

HoBum MeTonioM, KOju je OBjie omucaH, jeanaunHa (2) ce noouja ekcrummimtHo momohy MRNEA
anroput™Ma. IIpezenToBanu anropuram uspadyHasa ((t,) u3BpimaBamem npouenype MRNEA

camo jemHom. Passujenu JIJ amropurtam kopuctu: 1) tpenyrHe Bpemuoctu ((tk) u ((t); 2)
xesbere BpenrocTn g(tk+1) u (f ;) w3 mwianepa myrame; 3) Bektop Ke. [IpBo ce ucruryje na mu

ce 3axTeBaHe TO3UIHje U Op3WHE MOTY OCTBapUTH. AKO HE, FbBUXOBE BPEIHOCTH C€ JINMUTHPA]Y
Ha OCTBapWBE BPENHOCTH H HAKOH TOra C€ padyHajy 3axTeBaHa yOp3ama
b; (t)=(G; (te,1)—Gi (t))/At. 3atum MRNEA pauyna cuine/MomeHTe 3rio0oBa KojuMa je

MOTPEOHO TIOKPETaTH WIAaHOBE Ja OM ce OCTBAPHIIO JKEJhEHO KpeTame-BekTop U. IIpm Tome ce
no6ujajy y ekcrmunutHoj Gopmu offset Bektop U u marpuma uHeprmje H, tako 1ma je moryhe
W3BPIIATH WHBEP3HH 33/IaTaK - pellaBame yOp3ama WiaHOBa poOOTa Ha OCHOBY BPEIHOCTH
MoMeHara y 3rioboBuMa ([[J] anropuram) jeqHOCTAaBHHUM peIllaBamkEeM CHCTEMa JIMHEAPHHUX
jenHaynHa (3a CBaKM MEPHOJ MHTEPIIOJIAIIN]e), IIITO j& OJ1 €CelHjaTHEe BAXKHOCTH 33 OCTBAPUBAHE
pauyHcke edukacHocty JIJ] anropurma U caMuM THM HETOBE IIPUMEHE 3a MOTpede cumysaiuje
paga poborta y peamHoMm BpemeHy. Y cieachem kopaky (HakoH um3Bpuiewma MJI anropurtma),
aNropuTaM JUMHUTHPA MOMEHTE MOTOpa y3umajyhu y o03up moryhHoctu (3acuheme) moTopa -
U3 BeKTopa U mobmja ce BEeKTOp Ua (HEIOCTMI)KHM MOMEHTH/CHIIE C€ 3aMemy]y
MaKCUMaJTHUM/MUHUMAIIHUM MOTyhuM Kako Ou ce mpopauynom JIJ] nobusne BpeaHocTn yop3ama
Koja cy nocTikHa). Ha oBaj HauumH, y OKBHUPY CHMYJAIMOHOT CHCTEMa, Kao U MPHIUKOM
porpaMupama 1 yinpaBJbamkba pod0Ta, caMo JOCTHKHE Op3WHE M MO3HIHM]je MOTOpa ce J00ujajy
U3 IUIaHepa MyTame 3a CBakH nepuoj uHrepnoiamnuje. [locnenuuno, peanHe BpeAHOCTH Op3uHa
u yOp3ama ce KOpUCTE y MpOopauyHy cuja U MOMEHaTa y 3ri000BHMa MPU Pa3BOjy MEXaHUUKE
cTpykrype. Tume je takohe omoryheH u ucmpaBaH HpopayyH YJSKUINTEHAa YjIaHOBa poOOTa.
Onrcanu anropurtam je oBIe 03HaueH kao Aroputam 1. Ha ciaumm 2 mpukasas je qujarpam Toka
M3pavyyHaBamka O OBOM allTOPUTMY.
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MNnaHep nyTare

esbeHe BpegHoOCTUN
nosuuuja u 6psnHe

ynaHosa po6ota q (t, ,,),
G (t,1), i=1mon,3a

cnegehun nepuog,
MHTepnonaumnje At

TpenyTHe BpeaHoctn 0. (L, ), G, (t, ), i=1
00 n, KoHdurypauuja poboTta, mace,
nosuvuuje LeHTapa maca, MaTpuue nHepuuje
N KoedULUMjeHTM Tper-a Y Be3ama Y1aHoBa
poboTa, cnosballkbe cune, MPEHOCHU
OAHOCKU NPEHOCHMKA M KoedULNjeHTH
reoMeTpPUjCKUX KynaoBakba, 3acnhetba

'

ako je qi (tk+1) > qmaxi (tk+1) , OHAa je qi (tk+1) = qmaxi (tk+1) , Wn
ako je qi (tk+l) < _qmaxi (tk+1) , OHAa je Qi (tk+1) = _qmaxi (tk+1)

A

G (ti1)

KesbeHa BpegHoCT y6p3arba oce i, i=1 to n je: G (t )=(G; (t.q)—G;i (t ))/At

A 4

G (t)

MoandukoBaHu pekypansHu HbyTH-Ojnepos anroputam — mRNEA (UK)

Ke/beHn momeHTH Ha Be3ama

|| unaHoBa poborta, U,

M3paquaBa|-be Ke/bEHUX MOMEHATa MOTOpPa

A

y

u

ai

ako je U,;>M

maxi ’

ako je U, <—M

maxi /

oHaa je U;=M

onpaje Uy=—M ;niui=1

maxi Y lui =1, nan

He

PellaBarbe CUCTEMA IMHEaPHMX jeAHaunHa
n
. — .
Zhaijqj=uai_uai”_1 ton Gj; (t,, ) yauma
= esbeHy
G; (t, ) yauma makcumanny BpeaHocCT
ybp3ama

moryhy BpeaHocCT ybp3atba

A 4

Gi (ts) =G (ti )+ i (C)AL, G (tiia) =0 (6 )+ (tisa )AL

Gi (tea) , Gi(tesa) l

Cauka 2. JlujarpaM Toka u3pauyHaBama y AIropurmy 1.
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Hosu JI/] anropuram 6azupan Ha MRNEA

VY nacraBky je onucan JIJ] anropuram 6a3upan Ha MRNEA 3a oTBOpeHM KMHEMaTHYKH JIaHaIl ca
N creneHu ciaobone.

4x4 matpuna xomoreHe tpancopmaimje koopaunata (MXT) koja TparchopmHuIlie KOOpAUHATE
tauke pare y koopaunarHom cucremy (KC) j y koopmunare KC i je osmauena ca T, a us
6assor KC y KC i ca Ti. Matpuma 1T, campxu 3 x 3 marpumy opujentarmje 'D; =[1% 1y, 1z] u

3 X 1 BexTOp mo3unuje jpi .

JluneapHo yOp3ame IIeHTpa Mace 4iaHa I je:
\'/i°m=[\'/§im Vi Vg ] =V, +@, x5+, x (@, x5™"), 4)

rae je KM =[rsm orgm rZ?m] =[r T, Z,] = D,f*™ BexTOp mMO3MIMje LEHTpa Mace WiaHa i y
omHocy Ha KC Besan 3a uman | u3paxken y koopauHartama Oasnor KC. Osaj Bektop y KC

BE3aHOM 3a WIaH i je o3HaJeH ca f [I’X, Ji Z,] Ca x je 03HaU€H BEKTOPCKH MPOU3BOI, a i,

®; u V, cy natu y lonatky b. Jennaunna (4) ce Moxxe Harmcaty y cienehem oOmuky
cm zb.qu +Zzb.k,qkq, ,1=1ton, (5)
k=1 j=k

rae ¢y bik u bij 3 X 1 Bektopu. Ykynna cuna Fi u ykynmau momeHnTt Nj KOju feyjy Ha 4iiaH i, ce
nobujajy uz tbbyr-OjnepoBux jeqHaunHa

|:i=[in Fi Fi ]T:mi [Vium Vfl:n Vgim_g]T' (©)

N =[Ny Ny Nu] =16+ o< (K" @). (7)

ICm

Maca unana | je o3HaueHa ca M;, g je yop3ame 3emMibuHe Texke, a I je 3 X 3 MaTpua HHepLHje

YjJaHa | y OJHOCY Ha I[IEHTap Mace TOr 4iaHa H3paxkeHa y KoopauHarama 6assor KC. U3
jennauuna (5) u (6) ce nobuja:

F=m([0 0 —g] +Zbqu+22b,qukq) i=1lton. (8)

k=1 j=k

Jennaunna (7) ce Moxe Hamucatu y ciesnehem o0OmuKy:

N, Zd,qu+ZZd,qukqJ Ji=1ton, 9)

k=1 j=k

rze cy dik 1 dij 3 x 1 BexTopu. EdekTr crosbammmux cuna u MoMeHara, KJ =[f. ne]T , Koju
JIeTyjy Ha eHJI-eeKTop ce 100ujajy U3 J00po MO3HATUX jeHAYMHA:

fn = Fn +f€ ! (10)
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-
n,= Ni +N, + ': pey fez — P fey Pe, fex — P fez Pex fey - pey fex] ) (11)

. T A . .
rze je pe=[pex Pey peZ] =D, P, BEKTOp CHoJballlke CHJIE KOja Jeyje Ha eHI-ePEeKTOp y OJHOCY
Ha KOOPJMHATHU MOYETaK Be3aH 3a WiaH N u3paxkeH y koopanHatama 6azHor KC. OBaj BekTOp y

xoopauHarama KC Besanor 3a wian N je P, =[ A, P, f)eZ]T. U3 jennaunna (8) u (10) ce nobwuja:

i

Fi=¢ +kzleiqu : (12)
=m([00 -g]' +>.> bys6.d;). i=1ton-1, (13)

k=1 j=k

T LN .

([0 0 —g] +> > by G g+, i=n, (14)

k=1 j=k
e, =mb; , i=1lton. (15)

CnnuHo, jenHaunHa (9) ce MOKe HamKucaTH y OOJIHKY

N, =d, + > d, 4, (16)
k=1
i
d;=> > dyd.d;, i=1non (17)
k=1 j=k

Cuuna fi ¥ MOMEHT Nj KOjUM Ha wiaH i aenyje wian | — 1 u3paxkena y 6asaom KC cy:

T

f=[f, f, f, (18)

nizl:nxi Ny N ' =n, +N;+1 xF +py <y, (19)

i+l

T * cm *
rL[eje Ii:[IXi Iyi IZi] =P +h, P =Pia—Pi-

Maca enj-edekropa Moke OUTH yKJbydeHa y Macy wiana N. Ha ocHoBy jenHaumna (10)—(19), fi
U Nj Ce MOTY M3pauyyHaTH Kao:

f —Zek+22ejqu+ZZejqu ,i=ntol, (20)

k=1 j=i k=i+1 j=k
i+l n
n.=n. +d, +Zd,qu+l x(e, +Ze,qu)+pI x(z e+, > eyl + Z zejqu
k=i+1 k=1 j=i+l k=i+2 j=k (21)

=N, +N,.+N;,+N;, +N;

i+l ial ia2 ia3?

i=ntol,
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rAe Cy Nic, N, Niaz, ¥ Njz 3 X 1 BekTOpu natu y cnepehum jennagnHama:

d +Iyn zn Izneyn + py(n+1) fz(n+1) - pz(n+1) fy(n+1)
nc:dn+|nxen+pn+1><f d +I € I €nt pz(n+1) fx(n+l)_ px(n+1) fz(n+1) ' I =n, (22)

Zn=Xxn Xn=zn

d +Ixneyn Iyn xn + px(n+1) fy(n+1) - py(n+1) fx(n+1)

d +Iy|eu IZ|ey| + pyi Ez(i+1) - pzi Ey(i+l) n
n.=d,+l;xe,+p; xE,,;=| d,;+l8, —Lie; + P,E iy~ PyEriny [+ En=2 €, i=n—1t01, (23)

Xi~zi
k=i+1

d,+le Ji —|yiexi + Py Ey(i+l) —Pyi E><(i+l)

kz:;(dxik"'lyiezik _Izieyik )qk Oﬂ

! s N G| .
nia1:k§ (di +, %€y ) G = k§ (dyik+|ziexik_|xiezik)qk Mg Migag -+ M) ;2 ,1=nto1l,
=) = :

kzzll(dnk-l_lmeylk yiexik)qk
[Miszg Migag -+ Ny Ay i<, dip+lixe, .. A+ > ], (24)
i+l T
Z( pyl z(i+1)k pu y(|+l)k)qk q
. i+l |+1 . . q.l
n ia2:pix;E(i+l)kq.k: kzll( P2 E i P Bz ) b :|:ni1a2 Migay - ni(i+1)a2:| 52 ,
< * E * E o qurl
kZ:l:( Py y(i+1)k_pyi x(i+1)k)qk
|:nilaz Migar --- ni(i+1)a2:|:[p:XE(i+l)1 pi*XE(i+1)2 pi*XE(i+1)(i+1)]’
Eia= ZE,k,l-n 1t01, N,,=0, (25)
J=i+l
z (PyiEa— P2 E i) e %
k=i+2 0z
niagzpfszkde Z(p;iExkk_p:iEzkk)qk =0 0 ... Nigiu2gas -+~ Minaz) z ;
K=ir2 K= |+2 Qi‘+z
Z(pm k= Pyi xkk)qk q
| k=i+2 L Hn |
[O O LR |(|+2)a3 (R |na3 :1:0 O p’ikXE(i+2)(i+2) [ pTXEnn '
Ekk :Zejk ,i=n-2to1l, nna3:n(n—1)a3:0- (26)
=
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Jla Ou ce cMamKo OpOj pauyHCKUX OTepalinja, BEKTOp N, ce MOXKE YKIbYYUTH Y BEKTOPE N;,

i+1
Niazs Niaz ¥ Niy3. Ha oBaj HaumH, jennaunna (21) ce tpanchopmuiie y:

n,=n; +(ni,+n_,+n,)§ ,i=ntol, (27)
rae je g=[¢, ¢, ... qn]T n x 1 Bexrop, N} je 3 X 1 BekTOp, a N3y, Niz, U Niz3 cy 3 X N BEKTOPH.
Ogu BekTopu ¢y naru cienehum jennadnHama:

ni'c:n(i+1)c+nic ! (28)

n

r]i,al = [ni’lal n;Zal ni’nal] = |:Z(dk1 + Ik ><ekl) (dkz + Ik Xekz) dnn + In ><enn} ' (29)
k=i k=i

n n

-1 n-1
_nk3a2 an4a2 n(n—l)(n—l)az}
=i

n-1 -1
4 —
r]ia2 - r]k1a2 nk2a2
k=i =i

k k

n-1 n-1 n-1 n-1 (30)
= LZ(pk x E(k+1)1) ;(pk X E(k+l)2) ;(pk X E(k+l)3) ;(pk X E(k+l)4) n(nl)(nl)az} ,
n-3 n-2
ni,a3:|:0 0 pyxEg (Pr+Py)xE, Zpi XE 1 101y Zpi Xenni|' (31)
= i
Cuite 1 MOMEHTH KOjUMa Ha 4JIaH | aenyje wiad | — 1 y koopauHarama wiana i — 1 cy:
e s ¢ £717_pT A Ta a AT _nT
fi :[fxi fyi fzi] =D4fi and iy :I:nxi Ny; nzi] =Di4n;. (32)
ITpojekmuja BekTOpa Ni Ay’K 0Ce poTalKje/TpaHCIal je dwiaHa i je:
u=z7,n, (33)

IJie je Zi-1 jJeAMHUYHHA BEKTOpP OCE poTallyje/TpaHCialije YiaHa i, KOju je JaT IpeKo IpBa TPH
enemeHTa Tpehe komone marpume Ti, jeanauwna (A.2). IlocieauduHo, TPUMEHOM jeAHAYMHA
(22)—(33), 3a i=1, 2, ..., N 100ujajy ce MOMEHTH Yy 3rJI000BHMa Uj Kao

u; =Y h, +u/,i=1ton, (34)
=1
Zhijquzll (ni’al+n;32+ni’a3) q, (35)
=
ui’:Zi—lni,c . (36)

G; (t,) wm Gi(t,) xoju ce kopucre npu uzpauynasamy hij, jemnauunna (35), uU;, jennaunna (36),
ce M3payyHaBajy Ha HauWH JaT Ha Mo4YeTKy Anroputma 1.

3a pemaBame cHcTeMa JIMHeapHuX jenHauwnHa (34), i=1, 2, ..., N, paau u3padyHaBama
yopzama i(t, ), Mmoxe ce kopuctutu ['aycoBa MeTO/Ia €TMMHUHALIH]E.
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Ipumena JI/I anropurma Ha 6-ocHOM MHAYCTpHUjckoM podoty Jloaa 15

Hspauynasarwe sexmopa bik u bij 3a 6-ocnu pobom cepujcre kongueypayuje

OBJie je IpUKa3aHo M3padyHaBame Bektopa Vi, jennauunna (5), 6-0cHOT MHIYCTpUjCcKOT poboTa

cepujcke koHburypanuje Jlona 15, ciuka 3, momohy Bektopa bik U Dikj, KOju ce Kopucte npu
U3padyHaBamwy BeKTopa €; u € , jenHaunne (13)—(15).

Vim:bllql_{_bllldﬁz (37)

V;m =Db,,6, +b,, 4, +b2110a2 +0,,,G,0, +b222q22 (38)

V;:bilcﬁ+bi2q2+bi3q3+bi11Q12+bi12Q1Q2+bi13q1Q3+bi22q§+bi23Q2q3+bi33Q32, i=3,4,5,6 (39)

V=V, (40)
v'=b,,4,+b,,4,04,+b,,,4,4,+b.;,6,4,+b.,,4,4, (42)

V=V V] (42)

V0, G 01356 G D, 550y D5 Gy G140, G5 Dy, 5,6 (43)

Ve =V + Vg +Vy (44)

Vg " =Vg+Vig-+Vg +H0ge 8+ De1 601 +HDg26 th g Hsag s +HDese b 6606 106 (45)

Bekropu bik u bikj pobora Jlona 15, cnuka 4, cy natu y Jomatky b.

Hspauynasarwe sexmopa ik u dikj 3a 6-ocnu pobom cepujcke kongueypayuje

W3pauynaBame Bekropa Ni, jeanaunna (15), 6-ocHor uHmycTprjckor pobota momohy Bexktopa dik
u dikj, KOju ce KOPUCTE MPH IIPpOopauyHy BEKTOPa Nic U Nia1, jeanaunne (22)—(24), je npukasa y
cienehuM jeHaunHAMA!

N1 = dllql +d1110112 (46)
N=0l;0h-+0, 6+, G+, GG+l 005 , =2,3,4,5,6 (47)
N,=N; (48)

Ni”:di3q3+di13q1Q3+di23q2q3 +di33q§ 'diszdiz ) di13:di12 'di23:2di22’ 2t di33:di22’ i =34,56 (49)
N, =N;+NJ (50)
Ni”,:di4q4+di14qlq4+di24q2q4+di34dsq4+di44q§ 1=4,5,6 (51)
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N, =N;+Nj+N; (52)

N=dig0; +0;356,G; + 56,6 +055 0505 +,450, 05 +0issG5 G | 1=5,6 (53)
Ng =N; +NZ+NS+NZ” (54)

N6 = N'G + Ng + Ng,—i_N'G”’ +d66q6 +d616q1q6 +d626q2q6 +d636q3q6 +d646q4q6 +d656q5q6 +d666q6q6 (55)

Bekropu diku dij podota Jlona 15 cy natu y Jlogatky b.

!

Bexmopu N, Niy, Nizy, B Niy3 poboma Jlonals

IMpopauyH BekTopa Ni., Niy, Nia, U N3, jexHaunne (22)—(31), 3a poGot Jlomals cy mare y
jenHavynHaMa KCIIOJ.

Bexmopu n;,

ng, =dg + 1 xes +p, xf,, (56)
ng, =ng +d; +1; xeg, (57)
n, =n, +d, +1, xe,, (58)
N, =N, +d,+l,xe,+p; xE,, rneje E, =e, +e,+e, +f,, (59)
n,, =N, +d, +1,xe, +p, xE,, rne je E, =E, +e,, (60)

!

n{CZ:nZCZ+dlz+llxe1y—llyelx+ prEyz—pl*y E,,, rae je Exx=Exstexz, Eyo=Eyst+eyo. (61)

!
Bexmopu n;,,

' ' ' i ' '
6a1_[n61a1 n62al n n64al n65a1 n66al]

:[d61+|6xe61 Ao, Hlex€s, Uggtlgx€gy g tlgx€g, destlgxeq d66+|6><e66]’ (62)

!

n 63al

! ! !

' ' ' '
n5al:[n51al n52al n53al n54al n55al n66a1]

6 6 6 6 6
Z(dk1+|kxekl) Z(dk2+|kxek2) Z(dk3+|kxek3) Z(dk4+|kxek4) Z(dk5+|kxek5) néﬁal} (63)
k= k= k= k= k=

r _[n! ' ' ' ' '
n4al_[n4lal n42al n43al r‘44&1 n55al n66a1]

6 6 6 6
:|:Z(dk1+|kxekl) Z(dk2+|kxek2) Z(dk3+|kxek3) Z(dk4+|kxek4) Nisa ng6a1:|' (64)
e =2 r r

r ! ! ! ! !’ !
nSal_[n31a1 nSZal n33al n44':-11 n55al n6Gal]

6 6 6
:|:kz_?;(dkl+lkxek1) kZ?;(dkz-HkXekz) ;(dka"'lkxeks) N1 Nisar néGal} (65)

17



r ! ! ! ! ! !
n 2al _[n 2lal n 22al n 33al n 44al n 55al n 6631]

6 6
= Z(dk1+|kxekl) Z(dk2+|kxek2) Nigar Mg Mo Mosaa | (66)
k=2 k=2
6
’ ’ ’ ’ ’ ’
r.l].alz: kz(dklz—Hkxekly_lkyeklx) n22alz n33alz n44alz n55alz n66alz ' (67)
=)

Cauka 3. (a) KC, uentpu maca, cuiie 1 MOMEHTH KOju Jielyjy Ha wianoBe pobora Jlonal5 ca
IIECT POTAIIMOHKX CTEMEHN CI000/1e KO/ Kora ce TpH Mocie/me oce ceky y Taduku. () Edexru
T€OMETPHjCKOT KYIIOBabha P KPeTamy WIaHoBa 2 1 3.

’
Bexmopu n;,,

I A Al
n4a2 _n5a2 _n6a2 _0
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1 [ ' ' ’ A= * * *
N3p = [n31a2 Nyt Naaay Nagsp O O] = I:ps xE, PyxE, p3xE, p3xE, O O:I , (68)
rae je Exai=exa1texsitexe1, Eyar=€ya1+eysi+eye1, Eso=€a2+€52+€62, E43=€43+€53+€63, Ess=€s4+€54+€64.

r _ [ ' ' ’
nZaz_[nZlaZ n22a2 n23a2 n34a2 0 O]

3. 3. 3. ’ (69)
:|:Z(kaE(k+1)l) Z(kaE(k+1)2) Z(kaE(k+l)3) Nygay O 0}
k=2 k=2 k=2
rze je Exs1= Exartexsy, Eys1= Eyarteyar,Es= Es2+e32, E3s= Egztess
n_=n.. n,.  n,. n,, 00
laz_[ 11a2 22a2 23a2 34a2 ]
3 3
:|:Z(kaE(k+1)1) Z(kaE(k+1)2) Nygo Nagay O O}
k=1 k=1
nllaZZZ[n;llaZ n;12a2 n;SaZZ né4a22 0 O] (70)
:[n;21a2+pley21_plyEx21 n;22a2+ pleyZZ_plyEXZZ n£3a22 nI;AaZZ 0 0]’
rae je Exa1= Exsit+exer, Ey21= Eyaiteya1, Exeo= Exsotexzz, Ey22= Eyzoteyze.
Bexmopu N,
6 6
Ny, = Ps XZEkqu = Znska3qk , rie je Ess=ess+ess, Ece=€ss, (71)
k=5 k=5
6 6
Ny =P; XZEkqu = ankaaqk , (72)
k=4 k=4
6 6
N3 =Py XZEkqu = anka3qk ' (73)
k=3 k=3
Nee=[0 0 0 0 Nypy Nygos]= [O 0 0 0 p3xEg psxeee] (74)
n,2a3:[0 0 0 n24a3 n25a3+n35a3 n26a3+n36a3]
(75)
[O 0 0 p3xE,, (P3+P3)xEss (pz"‘ps)xese]
[0 0 Nizaz NMugagtosas MisastNosaztNasas n16a3+n26a3+n36a3] (76)

=[0 0 pixEy (PI+P)XEL  (PI+P5+P5)¥Ess  (P1+HP;+P5)x€q )

JUIL v ogHOCY HA MOTOpE PO0OTAa

CinnuHo kao u y jennaumuu (1), jenHaumHe Kperama poOOTa ce MOTy HamucaTd y (QyHKIHjU
cujia/MoMeHaTa MoTopa poboTa Ha cieaehn HauuH:

H, (g + U; (qaq’kea) =U,, (77)

U} (0,0, Kea) =Ca (0,0)0+0, (0) +3(@) " Keo +F,G+F; SigN() - (78)
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Marpuua Ha(q), u Bektopu U;(0,4,K,,) 1 Ua ce ofHOCE Ha poTOpe akTyaropa; wiaHoBu U, u

h,; 3a pobor Jlonal5 cy natu y doxarky I'. Fy 03HauaBa N X N JujaroHanHy MaTpUIly YMju Cy

YJJAHOBM BHCKO3HH KOe(pHIMjeHTH Tpema fvi. YCBOjeHO je a ce MOMEHTH CTaTHYKOT TpeHa
nocMarpajy kao MmoMeHTH KymoHoBor Tpema,; Fs je N X N qujaroHanHa MaTpuila YMju Cy YWIAHOBU
KynoHoBe koHcTaHTe Tpema. Mako koHcTanTa KymnoHoBor Tpema uma jeany Bpeasoct 3a (=0,

CTaTHuYKH KoeduiujeHT, u HIKy Bpeanoct 3a O #0, muHaMuuky KoeduUIUjeHT, UCTa BPEAHOCT

Msi OBe KOHCTaHTE je ycBOojeHa 3a 00a ciydaja [25]. Oge, Sign(q) osxauaBa N X 1 BekTOp uHje
Cy KOMITIOHEeHTe SIgN GyHKIMje Op3uHa 3r100Ba.

Tauka 4 Anroputma 1 u3pauyHaBa MOMEHTE€ MOTOpa Ua Ha OCHOBY MoryhHocTH MoTopa.
VYKOJIMKO HEKa arcoJlyTHa BPEAHOCT Ua MpEeBa3uiia3d MaKCUMaIHY BPEIHOCT KOJy MOTOpP MOXKeE
OCTBAapUTH, OHA C€ OrpaHMyYaBa Ha MakcuMaiaHy moryhy BpenHoct. HakoH Tora ce octBapuse
(peanmue) BpemHOCTH Usi KopucTe y cieieheMm cucreMy N JIMHEApHUX jeTHAYMHA Kako O ce

IpopadyHalie OCTBapHBe (peaiHe) BperHocTH yop3ama -

Zmijqj =U,; _u;i ,i=1ton. (79)
j=1

Konauno, yraone Op3uHe u MO3uIMje 3r7I000Ba Ce MpopavyHaBajy Kao IITO jeé OTUCAHO Ha Kpajy
Anroputma 1.

Bepuduxanuja nporpama ERFD

[Ipencrarsbenu /11 anropuram je TecTupaH Mpu CUMYJaIju Kpertamwa podora Jlona 15 y okBupy
CUMYJIAIIMOHOT CHUCTEMa KOJU j€ pa3BUjeH 3a OBaj MHAYCTpUjkH poboT. OBae je mpukazaH
mporpaMm KpeTama Koju ce cactoju u3 13 kperama pobota Jloma 15 (myrama ena-edekropa je
npukazaHa Ha ciauii 4). Y Toky npBux 10 kperama, eHn-edexTop ce kpehe mo myramu 0e3
3aycraBibarba. IIpBo Kperame je tuma PTP (Point To Point), cnemehux 9 cy tuma CP
(Continuous Path), a mocieama tpu cy PTP.

Makcumaine Op3uHe U yop3ama diaHnoBa pobora Jlomal5 3a oce i = 1 mo 6 cy 3,05, 3,46, 3,08,
2,66, 1,62, 6,67 rad/s, u 3,75, 2,1, 3,75, 3,75, 1,5, 6,0 rad/s?, cmexctBeHo. Y OKBHpY
CHMYJIAIMOHOT Mporpama, croJpamimke cuiie ¢y fex = 100, fey = 100 u fe; = —150 N, a At je 0,01 s.
OnpehuBambe WHEPIHMjaTHUX M TCOMETPUJCKHX Iapamerapa WiaHOBa po0OTa je W3BPIICHO Y
coptBepy CATIA. Bucko3nu u cTatuuku KoedUIHjeHTH Tpema 3rio0oBa poboTa cy jgara y
HNonatky I'. EdexTr reoMerpHjcKor KyIUlOBama IPU KpEeTamky WIAHOBA, MPEHOCHH OIHOCH

[PCHOCHUKA U YIAHOBH U, U haij , jemrauune (77)—(79), cy takohe nartu y Jomarky I'. [Tomarm o
MoTopuMa 3a pobot Jlona 15 cy npukazanu y lonarky .

JlvjarpaMi HOKpETaykKuX MOMeHaTa y 3rio0oBuMa Ui noOujeHu mpumeHoM kiacuuHe RNEA
nponenype u npumenom MRNEA mpoueaype cy aatu Ha cnunu 5. Pesyntatu cumynanmje Koju
Cy JaTH Ha CIMUU 5 MOKa3yjy /Ja cy MOMEHTH M3padyyHaTH NPUMEHOM OBE€ JIBE IMpoleaype
UJCHTUYHHU Y CBAKOM MEPUOy UHTEpIOJaluje.

Anroputam 1 je Takolje TecTMpaH Ha NpUKa3aHOM CHMYJAlHoHOM mnpumepy. Ciuke 6 u 7
IpUKa3yjy MOMEHTE MOTOpa W YyraoHa yoOp3ama, Op3uHe M MO3MIMje YJaHOBa pPOOOTa,
CIIeZICTBEHO, oOMjeHe ca u 0e3 u3BpmaBama Ainroputma 1. M3 oBuX nujarpaMa ce MOXe BHJIETH
na y oapeheHuM neproauMa MHTEpIoIalije MOTOPU HE MOTY Jia TIOCTUTHY 3aXTeBaHE MOMEHTE
Koju OW ocCTBapwiIM TIporpamupaHe Op3uHe U yOp3ama, LITO JOBOAM JIO Kalllkbema Y
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porpaMupaHiM KpeTamuMa 4iaHoBa poOoTta. M3 mpencraBibeHUX aujarpama, MOXe Ce BHICTH
na Anroputam 1 kao u3nase Jaje camo OCTBapuBe yraone Op3uHe y 3rioboBuma. Ctora,
JTONPUHOCH MPEACTaBIBEHOT alroputMa cy cienehu:

1. Moe ce KOPUCTHTH 3a MPOrPaMUpPahE PEATHHX, Tj. OCTBAPUBUX TPajeKTOpHja 3rI000BA;

2. Mose ce KOPHCTUTH Y OKBUPY TPOjEeKTOBama poboTa, ¢ 003upom ja omoryhasa
MpOpavyH peaTHUX BPEIHOCTH CUJIa 1 MOMEHATA KOjH JIeNyjy Ha WIAHOBE U 3rJI000BE
po6ora (y3umajyhu y 003up MoryhHoctu MoTopa y 3ri1000BUMa).

3. Moxe ce KOpUCTUTH 3a YIpaBJbauyke CBPXE, jep C€ HErOBOM MMILIEMEHTAIM]OM Y IIIaHEeP
myTame 100Hjajy OCTBapHBe BPETHOCTH Op3MHA/TIO3MIIM]ja WiaHOBA poOOTa Koje ce masby
CEPBOCUCTEMHUMA, T€ CE OCTBAPY]Yy 00Jbe MepPOopMaHCce YIPaBJHAYKOT CHCTEMA.

Jlujarpamu mpeACcTaBJbeHH Ha CiMKama 6 1 7 TIoKa3yjy Ja Y HHTePIOJIAIMOHAM TIEpHONMa KaJia
oce poboTa He MOTY Jia IOCTUTHY MIporpaMupana yop3ama, Ainroputam | Bpiu 3aMeHy
HEJOCTHKHHUX BPEIHOCTU Op3uHa U yOp3ama 3r71000Ba BpeIHOCTHMA KOJ€ CE MOT'Y OCTBapUTH
MPUMEHEHUM MOTOpHUMa. Y Clie]] Tora, MyTama eHi-eexropa he ce pa3nukoBaTH o1
MIPOrpaMHpaHEe IMyTamke.

Cauka 4. [Ipumep nyrame eHa-epeKkTopa TOKOM KpeTama i CUMYJIallije KpeTama podoTa
Jlomal5.
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5 [Nm] u, [Nm] u; [Nm] i, [Nm] #, [Nm]

u, [Nm]

Cauka 5. Momentu U; nooujenn npumeHom RNEA u mRNEA anroputma.
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Time [s]
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U, [Nm]

a2

u,s [Nm] u,, [Nm] u,, [Nm] u,, [Nm]

s [Nm]

(@) —  Without Algorithm 1

20

_______ With Algorithm 1

20 F

-40

50

-50

20

. 10 15
Time |s]

Cauka 6. (a) Momentu MoTopa Uia 100ujenn npumenom AnroputMa 1. (b) Yraona yop3ama

&, [radss’] g, [radss’] G, [rad/s’] §, [rad/s*] §, [radss*]

s [rad/s*]

20

-20

-40

20

-20

20

-20

40

100

-100
0

-50

100

50

-50

————————— With Algorithm 1
Without Algorithm 1

. 10
Time [s]

yaHOBa podoTa ¢; moOujeHa ca u 6e3 mpumene Anroputma 1.
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————————— With Algorithm 1 ---------  With Algorithm |

(a) ——— Without Algorithm 1 (b) ———— Without Algorithm 1
2 100 T T
v _ /\/\//
B 0 g =
= & | |
S -100
2 ! - -200
0 5 10 15 0 5 10 15
1 100
G 1 =
E e 0
| |
i~
-2 ! - -100
0 5 10 15 0 5 10 15
1 T T 100
™ . RV
= 0 1 2
£ & 0
-
| . ‘ 50 . ‘
0 5 10 15 0 5 10 15
2 100
T _
£ = 0
=
< 0

-1 ! - . -100 : 3
B 5 0 3

1 100 T T

4, [rad/s]
45 [°]

q, [rad/s]

-1 - . -100

Time [s] Time [s]

Cauka 7. (a) Yraone Op3une uianoBa pobota ¢; 1ooujeHe ca u 6e3 nmpumere Anroputma 1. (b)
VYraone mo3uiyje wianoBa podora ;i Jo0ujeHe ca u 6e3 nmpumeHe Anroputma 1

Nmmuiementanuja copreepa ERFD

IIporpam 3a pemaBamwe [1J] po6ora ERFD nanucan je y mporpamckom je3uky C++. OcHOBHa
HaMeHa OBOI' IIporpaMa je Be3aHa 3a MMIUIEMEHTAlU]y Y OKBHUPY CHCTEMa 3a IpoTpaMUpame,
yIpaBJbamke, CUMYNAIHjy U yAajbeHo npahewme pana poOoTa, alu ce MOXKE KOPHUCTUTH U Kao
caMmocTajiHa copTBEpCKa arIuKaluja.

VY OKBHpY OBOI' TEXHHUYKOI' pelliekha NpUKa3aHa je uMmIuieMenramuja nporpama ERFD y okBupy
yrnpassbaukor cuctema L-RC, u To 3a Tpu kopucHnuke npumene: 1) Kao neo o¢nann cucrema 3a
nporpamupame 1 Bepudukanujy nyrama podota; 2) Y okBupy 3J] BUPTYeITHOT OKpyKema 3a
CHUMYyJalujy W BepUpHKALUjy MyTame; U 3) OHJIAMH MOAYJ Koju oMoryhaBa mpaheme paza
poborta y peamHoM BpeMmeHy. JlaT je ommc BUPTYENHUX TpapUUKUX OKpYKema y Kojuma je
umiuieMentupan ERFD.
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Jlona Pobom Konmponepu L-RC

CodrBepcka 0a3a ympaBipaukor cucrema je real-time Bepsuja Linux Ubuntu omepaTuBHOT
cucrema. Open-source real-time omepatuBHu cucteMm 00e30elhyje BrcOKy nepdomaHcy Koja je
HEONXOJHAa 3a ToTpebe ympaBibamka poOOTHMa, Kao H (UIEKCHOMIHOCT Koja omoryhaBa
JeTHOCTaBHY KacToMu3amujy codTBepa. Je3rpo yrnpaBibaukor CO(TBEPCKOr CHCTEMa je
OROCOS mnardopma. Juctpubyupanu codprBepckn ympaBibauku cucteM kopuctd CORBA
protocol [26].

NMnuiemenTanuja y njianep Tpajekropuje poodora

Anropuram J1J1 je uMIuieMeHTHpaH y TUTaHep Tpajekropuje pobdota Jloma 15, kao u ypehaja 3a
TpeHaXy MIIOTa, U TO 3-0CHE EHTpUudyre 3a TpeHaXy nuiaoTa u 4-ocHor ypehaja 3a nmpocTopHy
NIe30pHjESHTAIH]Y TTHIIOTA.

[lnanep Tpajektopuje je nmeo codrBepckor cucremMa L-IRL 3a ympaBmame KpeTameMm,
nporpamupame u mnpaheme pama pobota. OBaj codTBEpCKHM CHUCTEM je MOJyJIapaH H
pexoHburypabmian. /luzajuupan je ca ummnepaTtuBoM (GIIEKCHOMIHOCTH Yy CMHCIY YBOhema
yIpaBJbamkba Y HOBH POOOTCKHU CHCTEM. YIa3 y TUIaHep MyTame Cy MOJAlH JaTH y aluTMKaTHBHOM
nporpamy HamucanoM y L-IRL mporpamckom jesuky, cimka 8. Ilyrame pobota 3amare y 3/1
KOOPJMHATHOM CHCTEeMYy (KpeTame eHA-edeKTopa) WM y TpocTopy 3rioboBa pobota ce
WHTEPNOJNPajy 10 BpeMeHy, npu demy je mepuoj uHTepronammje At=0,01 s. Ykommko cy
nyTame JeduHucaHe NpeKko KpeTama eHa-epekTopa, anropuraM HHBEp3HEe KUHEMATHKE MPEBOIN
BpenHoct u3 JlexkaptoBor KC (mo3wmmjy ¥ OpHjeHTanujy BpXa eHO-eeKkTopa) y yraoHe
MO3UIIH]jE 3TII000Ba poOoTa.

® o L-IRL IDE

oM\ |\ | L8 | x| w|w2|wz|wd|ws|wé|w1a|w2a|w3a|waa|wSa|w6a| t1|£2 | 3| b4 L5 |t6 t1a|t2a|:3a|t4a| 55| t6a|ua 1dd[ua2d d|ua3dd|uaddd|ua5dd|ua6dd|utap|u2ap|u3ap|u4ap|usap|ubap|uatfua
& /home/lola/Documents/l-irl/build/machandmech.prg* ® | /home/lola/Documents/Ll-irl/build/april2018.prg* % | Lola15DD.prg* ¥

bles Explorer | 4 program Lola15DD;

Type var

» V. var robtarget:sg=robtargekt({(786.9329, 402.9624, 632.855), (15, -60, -175.03779)), 4);
» V. var robtarget:sT:=robtargekt(position(850.5427, 0, 629.1809));

» kgl var rohtarget:sz:rol:target(((SZ1.9198.-402.9624, 572.256), (-15,-60, -175.037)), 8);
» & const robtarget:s3:=ro Jtarget(position(819.1725, -441.6397, 566.7923));

- robtarget:s4=robtargek({(1019.6465, -571.0567, 669.5612), (-40, -60, -90)), 8);
robtarget:s5:=robtargek({(1238.1590,-421.6189, 810.7015), (-20, -30, -90)), 4);
robtarget:se.=robtargekt({(1317.2706, -249.063, 873.1763), (-10, -45,-175.03779)), 8);
robtarget:s7=robtarget(((1289.7405, -149.4378, 867.7698), (-5, -40,-175.03779)), 8);
robtarget:s8_a=robtarget(((1208.2531, 0, 835.7050), (0, -30,-175.03779)), 8);
robtarget:sg=robtarget(((1276.7658, 149.4378, 890.2428 -610), (5,-45,-175.03779)), 8);
robtarget:s70:=robtarget(position(1295.6459, 249.063, 911.1313));
robtarget:s7T:=robtargekt({(1201.5523, 421.6189, 874.1061), (10, -60, -175.03779)), 8);
robtarget:s72=robtarget(((970.0649, 571.0567, 755.4388), (17,-60,-175.03779)), 8);
robtarget:s73:=robtarget(position(780.8275, 441.6398, 633.2077));
joint:pC:=joint(mainjoint(0,0,0,0,0,0));
endvar
seq
move ptp s0 speed_ptp:=0.6 acc_ptp:=1.0 c_ptp act_rob:="lola_15";

{move circle 51, 52 speed:=760 acc=1000 ¢_ori=0_pco c_speed act_rob:="lola_15";
move circle 53, s4 speed=350 acc=1000 ¢_om:=0_pvo ¢_speed act_rob:="lola_15";
move lin 55 speed =460 acc=1000 ¢_ori=0_varc_speed act_rob:="lola_15";
move circle s6.57 speed =300 acc=800 ¢_ori:=0_var¢_speed act_rob:="lola_15";
T move lins8 a%peed=227.7 acc:=900 ¢_ori:=0_var¢_cp:=150.0 act_rob:="lola_15";
[7 move lin 59 speed=225 acc=900 ¢_ori:=0_varc_speed act_rob:="lola_15";
Ml move circle 510, s11 speed:=695 acc=1200 ¢_on:=0_var ¢_speed act_rob:="lola_15";
New Variable | move lin 512 speed:=620 acc=1200 c_ori:=0_var ¢_speed act_rob:="lola_15";
— move circle 513, s0 speed-=570 acc=1000 ¢_ori:=0_var act_rob:="lola_15";
Delete Variable| move ptp p0speed_ptp:=1 acc_ptp:=1 act_rob:="lola_15";

mnwva nfn inink(maininink/-115 70 55 .70 AR -70)) ensoed nkm—1 ace nbor—1 ark _rob—"lnla 15"

Cimka 8. AtmnkatuBHO nporpamupame podora JlonalS y L-IRL-IDE (L-IRL Integrated development
enivronment)
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WuTepnonupana myrama 3r7000Ba poboTa Ka0 BpEMEHCKU HU3 Y3aCTOITHUX MO3HUIHja 3rI000Ba,
3ajeTHO ca HU30BHMA KOJH TPEJCTaBIbhajy yraoHe Op3uHe U yop3ama 3ri1000Ba, MpecTaBiba yiias
y Anroputam 1. Kaga ce u3Bpim npoBepa OCTBapUBOCTH 33/1aTHX BPEAHOCTH Op3WHA 3a CBAKU
MepPHOJT MHTEPIOJAIHje, KeJbeHe MOo3uIrje, Op3uHe u yOp3ama 3rio0oBa poboTa ce Imakby y
anroputam WJI, jemHaumna (34). YKOIHMKO Cy BPEIHOCTH KXEJHEHHX MOMEHATa/Chiia KOju ce
no6ujajy u3 npoueaype MJI Behn on MakcMMaHHX BPEIHOCTH KOje€ MOTOPH MOTY OCTBAPHTH,
MOMEHTH C€ OrpaHM4YaBajy Ha MaKCUMaJHe OCTBapHBE, M pellaBa ce cUcTeM jeaHauuHa (77).
OBo je onakmaHo TUMe mTo ¢y Marpuna uHepimje H(Q) u odcer Bekrop U’ Beh uspauyHatu
TOKOM pemraBama MJ] momohy mMRNEA.

[Ipu pa3Bojy AMHAMHUYKOT Mojeia poOora KopuimheHH Cy MapaMeTpu MEXaHHWYKe CTPYKType
nooujene u3 3/1 moaena podora koju je muzajaupan y CAE codreepy Catia. Catia omoryhasa
pa3IMYKUTE METOJIC CTPYKTYpaHE aHAM3e y3 yrmoTpedy mMeroje KoHauHuX ememeHara. Y Catia
co(TBepy Cy mpopadyHaTe Mace, MaTpUIe HHEPIHje WIAHOBA U [IEHTPH Maca WIaHOBA Y OJHOCY
Ha KC xoju cy Be3aHu 3a WwiaHOBe, ciauka 9.

Definition

ng 8%, |Selection 392000 - ROBOT LOLAIL 06_16 (485.0150000)
esu

lume
| Characteistics Center Of Gravity (G)
|Volume [103353614cm3 | Gx [138.962mm
|aea  [15a2m2 |Gy [022mm
Mass [663994kg |Gz [354654mm
Density [Notuniform |

Inertia/ G ] Inettia/O | Inertia /P | Inertia/ Axs | Inertia / Axis System |
[~ Inertia Matrix / G

oG [162345kgrm2 loyG [183327kgum2 IozG [53931kgm2
|byG [-0,032kgm2 beG  [-50,165kgxm2 1y2G [0105kgxm2

- Principal Moments / G
ML [3428kgm2 M2 [181,992kgxm2 M3 [183331kgxm2
Principal Axes
Alx [0364733 A2 [-0929904 M3« [00a7a3

Aty [0,000577 A2y [0,051146 A3y [0.998691

Atz [0931112 A2 [0364228 A3z [0,019190

@ Keep measure Ci | Bpot | Customize..
© ok | 9 cancel

Cuauka 9. TIpopauyH uinanoBa Matpuiie nHepuuje y Catia copreepy

HNmnuementanuja ERFD y okBupy oduiaju cucrema 3a nporpamupame U Bepuguxkanujy
nyrama podora

Nmnnementanujom ERFD y muanep nmyrame po6ora omoryhena je ucrnpaBHa cuMyianuja u
Bepudukanuja nyTama poboTa 3a noTpedbe oduauH Mnporpamupama poOoTa Yy OKBHPY
nporpamckor jesuka L-IRL xoju je cactaBHu neo pobot koHTposepa L-RC. Hakon mucama
armukaTUBHOT mporpama y L-IRL jesuky, Bpmm ce mpoBepa OCTBapMBOCTH MPOTPAMHUpPAHUX
Op3uHa U yOp3ama Ha OCHOBY MakCHMAaJHMX MOMEHAaTa M CHJa KOjeé MOTOPHU MOTY OCTBAPHUTH.
[Mnanep myrame jesuka L-IRL he nHa ocnoBy ERFD kopuchHuky omoryhutu Bepudukaiujy
nyTambe poO0Ta M Kao M3J1a3 3a CBAKU MEPUOJI MHTEPIIOALlMje 1aTH HU30BE OCBAPUBHX IOJIOXKaja
3ra000Ba ¥ MOTOpa poOoTa.
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I'paduuku kopucHuuku uHTepdejc y okBupy L-IRL jesuka omoryhasa u nosatHy BepupuKanujy
MIPOrpaMHUpaHOr KpeTama poldoTa Kpo3 TrpaduKu MPHKa3 TPajeKTOpHja, >KEJHEHHX MOMEHAra,
cwiia y 3r000BUMa HT]T KOjU ce A00Hjajy KIIMKoM Ha nosbe y okBupy L-IRL GUI, ciuka 10.

® urcul

uln‘\o“u‘- o\a.| | wwa|wz|walws|we| i alwza[waz[waz|wsewez|t1[t2] 3 [ea| 5| ts[r12]e2afr3a]taa]sz[e2[ua1dc]uazdauasde]uasdauasdc]uada]utap|uzap|usapfusap|usap|usap|ua[uazfuasluacuasfuac|utnfuzr|usnjuarfusnfusrv_te| B

Fixu | Fryu | Frzu | Faxu | Fayu | Fazu | Faxe | Fay | Fazo | Faxu | Fayu | Fazu | Fsxu | Fsyu | Fszu | Fexu | Feyu | Fozu | mzu | maxe | My | wzzu | naxo | maye | nazo [ Naxu | nay | nazu | s | nsy | nszo | nexu | ey | nezu

F1xap|F1yap|F1zap|F2xap|F2yap|F2zap|Faxap|Fayap|Fzap| Faxap|Fayap|F4zap| Fsxap|Fsyap| Fszap|Foxap| Feyap| Fozap|n1zap|N2xap|n2yap Nazap|Maxap|N3yap H3zap|Naxap [nayap Mazap|Nsxap|Msyap|nSzap|Nexap|eyap| N6zap
@® | homeflola/Documents/Lirl/build/gmovegoran.prg* ¥

oles Explorer | 4 s
seq

Type gmave time:= 4. bl_g= 1.41 act_rob="centrifuge";
» ¥ var gmove acc_g=2. bl g=15. Gz=14.1 act_rob="ce
PR var gmove time'=0.7 bl g=15. GZ=14.1 act_robr="ce
& ‘gmove ace_g=-2. bLg= 1.41 act_rob="cent
gmove time:= 0.5 bl_g=1.41 acl_rokr= :
‘gmove acc_g:= 1.1 bl_g.= 2.7 Gz=-2.5 act_rob="centrifuge"]

. o LirlGui
uge’;

w2

» C const
LR L N SIS SO S

0.696997 -~
gmove time:=0.7 bl g=4
amove acc_g=-2. blg= =
‘gmove time:= 0.7 blg= 1.41 act_rob="ce
endseq

endprogram

0.597426

0.497855 [ -

0.398284 [~

0.298713 poofeine

0.199142

0.099571

0
0

Change Value 0.099571

New Variable 0.199142

[Delete Variable]

] 0298713 [ommm

0.398284 [-mmm

0.497855

Compiling program: /homeylola/Documents/Lirl/build/gmovegoran.prg 0.597426

Cauka 10. Bepudukanuja myrame 3a HeHTpuQyTy 3a TpeHaxy mummora y oksupy L-IRL GUI (L-IRL
Graphical User Interface)

3/ BUPTYEJIHO OKPY KeH€e 32 CUMYJIAIM]Y U BepuduKanujy nyrame podora

3/1 BUPTYETHO OKPYXEHE 3a CHMYJAlHjy U Bepu(HKalHUjy ImyTame poOOTCKHX IporpaMa nMa
OHJIAMH MOJYJI y OKBHPY YIPaBJhaYKOT CHCTEMa KOJU CE KOPUCTH 3a CHMYyJalujy U mnpaheme
Kperama po0oTa y peaJlHoM BpeMeHy W o(diIanH MOIYJA KOjH CIY)KH 3a CHMYJAlH])y |
Bepudukanujy myrama pobOTa, a KOjU MOXKE Jla C€ KOPHCTH Kao caMOCTajHa Co(TBepcKa
arutikanuja. 3J1 BUPTyesnHo TpaduiKo OKPYKEHE je pa3BUjeHO yrmoTpeOoM Open-source anara.

311 mozen poboTa W MOJENT OKpyXewa Cy pasBujenu ymorpebom Open Graphics Library
(OpenGL) codreepa. 3J] Bupryaanu Mojen uHAycTpujckor poborta Jloma 15 je wuspalhen
KOMOHMHOBaWbEM T'€OMETPH]CKUX NMPUMHUTHBA, NPEMa pPEalHUM JUMEH3UjaMa poOoTa. 3a CBaku
yjaH poOoTa cy jaeUHUCaHEe KMHEMAaTHYKe Be3e M orpaHuuema y C++ mporpaMcKOM je3WKYy.
Honemwenn cy KC y ckinany ca [enaBut-Xaprenoepr (JIX) koHBeHIHMjoM KOja je kopuinhieHa 3a
pemaBame JAUPEKTHOr kuHemaTuukor 3ajgatka. QGLViewer je open-source coTBep Koju
oMmoryhaBa uWHTepakiyjy ca BHUPTyaIHUM TpapUUKUM OKpYKeHmeM, Kpo3 omoryhaBame
M3BpIIIaBak-a KOMaHAM Kao LITO Cy poTalyja, TpaHClIaluja, 3ymupame 3 /] Mmoaena v CiamyHo.

[Tyrame koje ce cumynupajy y 3/] BUpTyalHOM OKpYyXewy cy JI00MjeHe Kao M3J/1a3 U3 IJIaHepa
nyrame po0oTa 3a 3a7aTu nporpaM Hanucad Ha L-IRL nporpamckom jesuky. Mmmnemenrtanujom
coptBepa ERFD omoryhena je cumynaipja kperama poOOTa y pealHOM BpPEMEHY BHCOKE
tayHocTH. CoptBep ERFD Ha oBaj HauuH naje BeNMKHU JOMPUHOC BEPOJOCTOJHO] CUMYJALM)H
KpeTama poboTa.
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Cauka 11. Cumynanuja pajga podora y peasnoM Bpemeny y L-IRL 3] BuptyenHom rpaduaxoMm

OKpYXemY.

Jdoxanu

Honarak A. Kunematuuku moaen pooora Jlosaa 15

3a nepuHUCaAmEe KHHEMATHYKOT Mo/ienna podoTa Jlonal5s, ciuka 3 @, kopumihena je JIX
koHBeHIja. JIX mapamerpu cy natu y Tadenu A.l.

Tabena A.l1

JX mapamerpu wianoBa pobora Jlomals.

Yman Ilpomerssuia [°] a[mm] d[mm]

o]

(oF1
q2+90
(0K]
g4
Qs
Je

OO0, WN -

a;=200 O
a;=600 O
as=115 0
0 ds=825
0 0
0 0

(11:90
0
(13:90
(14:—90
(15:90
0

MXT kojuma cy onmucaHu KMHEMaTHUYKU OJHOCH u3Mehy y3acTonmHuX uigaHoBa pobota Jlomals

cy:
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60s Gga =5, -G 0-5,3 G0 s Ga+sd,

o7190-G388 |1 | G =50 68 |2y |5 0-Csa—cd, |
1010 O |0 01 0 | ®*|010 0
000 1 0 00 1 000 1
c, 0s,0 ¢0s O G 00
-s, 0¢c0 00| s [-5¢00
3T _| T 4 4 _ — ) A.l
T 0—100’1_50100’-'_6 0 010 (A1)
0 001 0001 0 001

Ogne cy xopunthenu ckpahenn 3amwmcH, Sin(di) = Si, c0s(0i) = Ci, Sin(di + qj) = Sij, u cos(di + qj) =
Cij. Ha ocHOBY oBuX Marpuiia A00ujajy ce IMO3WIHMje U OpHjeHTAIlMje uJaHOBa poOoTa W €H/I-

edekropa y GyHKIHMjI npoMeHIbUBHX (i, | = 1 10 6 U3 cnenehnx marpuna:
¢0s ca €% —CC & G% |  [-w s V% X
T $0-C sy T=_Slsz —S5G —G §Vs T=_V3_C1 v, Y
Y1010 0% 6 -5 0G| Y|y 0857
000 1 0O 0 0 1| 10 0 0 1]
Vis =V, Vig Xg Vor Vig 8,6 X | [N O s X |
Viz =V, Vig Y, Vs Vig @y Y Ny Oy Ay Y
T, 17 4 V18 6 ,T 23 Y18 6 '6 ,T= y6 “y6 6 '6 ’ A2
Vg =S5 Voo Zg | Vs Vg 6 Zg ° N O &6 Zg (A2)
0 0 01 000 1] 10 0 0 1]

Vi=CS53, Vo=C,C3» V3=5S51 Vy=SCp3s V6= Vi3, Vip=Cray+Sy30,, V13=5,8,,V,,=C,8, ,

Vis=V1C =SS,y Vig=S1C, VS5 V7 =GS, VG s Vig= V55, GGy Vig=CsCy s Vg =635, s Vo1 =VisG— VoS5

Vos V7 G VoS5 s Vos=VioG =555 V31:d4023_52333' M=V G ViS5 » ny6 =Vo3C6 +VigSg s Mg=VpsCatViySs
0,6 Vi6CoVa1Ss 1 Oys=V1gCsVasSs s 0,67 Vol Vs S Ae=VisS5 VoG, A6=Vy7 S+, Gy @6=Vi9S+5,56;
Xe=CVo» Y6=SVy» Zg=Vip+Viy, Vo=Vg+Vay.

Honarak b. Bekropu bik, bixj, dik u dixj po6ora Jlonal5

VraoHe Op3uHE i, yraoHa yopama ;, JIHHeapHe Op3uHe Vi, U JuHeapHa yop3ama V., 1 = 1 1o
N, 3a poOOT KOju UMa N POTAIIMOHUX 3T7I000Ba ce pauyHajy u3 cienehux jeaHaynHa:

0, =0, +Z; G, ,

i+l

O, =0;+Z; (, +O; XZ; G, ,

i+l

Via=Vi 0, XPiy

i+1

v :Vi +(’bi+1xp:+l+mi+1x(mi+1xp:+l) ' (Bl)

i+l

Bekropu bik u bikj po6ota Jlonal5 ce nobujajy momohy jennaunna (4) u (b.1):

Vim:[p;l_ryl p;1+rxl O]T dﬂ+|:_blly bux OJTCIf (B~2)
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—SV5 _r CVe _bZly Ve, SV =\
VZm= CVs+E, G+ SVe |G+ b21x q12+ Vo, —CVy, (GG, +| SV, q22’ (53)
0 -V, 0 0 Vi,
Ve=—T, Vg s Vo=V3=S 1, —Clp s Vg=—CS,, Vg=—5S,, Vyo=2I,,, V;=F,Vy,,V13, ¥ V14 Cy IaTh y
jemnaunnn (A.2) n Baxkn Pj=Pp,—P,=3 [C S, ] :
_Yﬁ_ryi _Clhz _Clm _hly l:¥5+st1
Vi,_ X6+rxi q1+ _51Q2 q2+ _51h4 q3+ hlx q12+ _Q6+V91 Chqz

0 l:%3_\/13 QS 0 0

hs Clh7 _Clh3

b |66+ sh, [65+ —shs [(20,6,+65) , i=3,4,5,6, (b.4)
0 QS_VM hs

Xe, Yo, U Vy, cy maru y jemHaumau (A.2) u Baxu B,=V,+V,+1,, b=, +0b,, b,=2(v,+r,),
b:=sB,, Be=CR,, B2V, D=V, Be=SK+an, Vo=Vay—8,, Vos=V58, Vo =G~ Vap
Va3, =V, -

hm _QM Cos ryi _Clhu A V4h12 _SZSQM
Vi”_ t311 q4+[2 kho q1+ _Czarxi_slmz_vzvg (q2+de)+ sttho_vzkhz q4]q4’ (B-S)
thz 0 hls"'slthl"'cihlo V2Q11_V4Q10
Q10 SZSyl’hll S23X| 22|’b|12 2y| 4XI'Q13 1y|’I456
. _h15 _C.LQM V4h14_523Q15 V18h14_vzoh15
Vi’”:[hle t115 t114] ds+[2 h16 C|1+2 _51h14 (q2+de)+2 823h16_v2h14 q4+ Vzothe_VmQM 06]06 (B'6)
0 hl7_04rzi Vzhls_v4kh6 VlGhlS_V18Q16

t414 16 y| 18 XI Q15 20 XI 16 ZI ! t416 V18r2| 20 y| ! Q17 20 (S_L C_I.ryi) ' 1=5,6

Vas —V3 —CVa7
"
Vg ' =Vg+Vg+VgH Vag [05H2| Vas |Gp+2| =S Va7 |(G+Gs)
Va7 0 V7o
(b.7)
Vaglz6~Vasly6 V61 2(V71+HVp4 V7 V67
H Vaole—Varly6HVe2 [dst 2(Vop+Ves)+Veg |G+ Veg [Gs 106

Va7TyeVaglie Ves3 2(V73+V56 ) Vg9 Voo

axs, aye, M az6 Cy JaTh y jenHaunHM (A.2) 1 BaKM Vas=a6l56 3616, Vag=2,6l6—3sly6

Var =86 N6y e » Var=VaB6~S238y61 Vag=530e Vo6 Vao=VoRysVaBye r Vo1=V4Va7—Sx3Vae
Vo2 =Sp3Va5—VoVa7 1 Vea=VoVag—VaVas s Ve =—(Vigys+Vo08y6) e

Vos=—(V20,6 V1626 Iy6 + Vos=— (Vg6 tVigBy6 )76+ Vor=y6Va7—826Va6 1 Ves=026Va5—x6Va7 1
Veo=8sV36—8y6V35 1
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Voo =8Va6+CVas s Vy1=(Vaol6Vigly6) ke 1 Vro=(Vi6 Tk HV20l76)Ay6 + V73=(Vasly6 HVi6 ks ) 6

Koopnaunate neHrapa maca wiaHoBa u eHl-edexropa podora Jlonal5 cy:
f,"={-0,086 —0,1875 -0, 00012] f,"<—0,4454 0,0283 0, 0033]

#o" =[0,00225 0,00017 —0,7223]", #"=[0,0 0,212 0,00082]", ™" =[0,0 0,027 0,007]",
Pe"=[0,0 0,0 0,195 ; u p,=[0,12 0,12 0,35]".

Bekropu dik u dikj 3a podot Jlonal5 ce nobujajy u3 jeanaunna (7) u (b.1) Ha cnenchu Hauwn:

N,=[00 1] ¢, (5.8)
_Ixzi dil Iyzi Cidi4 Cldis
Ni,= _Iyzi ql+ _diz q2+ _Ixzi d&2+ Sldi4 duq2+ Sld|3 q22 J (Bg)
Izi _di3 0 _Zdis dl xyl-i_d

dl:C12_5121 dilzlxisl+|xyicl’ di2:|xyisl+|yicl' di3:|xzi51_|yzicl’ di4:|xi+|yi_|zi1
d|5:|xzicl+|yzisl’ di6:slcl(|xi_|yi)v i:2v3’4’5’6-
Ni":di3q3+di13q1Q3+di23q2q3+di33Q§ '

di3:di2’di13:di12 J di23:2di22’ and di33:di22' i = 3,4,5,6. (B.lO)
2|yz| 23 V4di4 di11+V4di3+523di2_C1b|9 V4di9+523di8
m T .. . . . < 7
Ni:[di7 di8 di9] Q4+[ Vzdi4 2|xzi523 0, di12+V2di3+823dil_sldi9 (qz+q3)+ Szadw_vzdig q4]q4’
2di10 di13_v4di1_V2di2+Sldi8+cldi7 V2di8_v4di7
(5.11)
d _I V2 Ixyl Ixzi523’ di =1 ‘V4_Ixyiv yZ| 23l d _I S IXZIVZ IyZIV4’dIlO_IXZIV4 IyziVZ!
1 xyl x2| 23’ i I V IxyiV1_|y2|C23'd|13 I C IXZIvl Iyzi 3 |:4!5'6'
|18 V18d|4 VZOdiZ_VleiS_Cldi16+di21

NW d|15 05+[ V16d|4 d|17 Q1+ V16di3+V20dil_Sldi16+di22 (Oe+os)
Sldils +Cidi14 _Vlediz _VlSdil +di23

d|24 +V, d|16 SZSdllS +V18d|9 V20d|8 V18di16 _V20di15
d|25 —V. d|16 +323 14 V16d|9+V20d|7 a,+ V20d|14 V16d|16 05]q5 (6.12)
d.ze +V. d|15 -V, d|14 +V16d|8 V18d|7 VlGdilS _VlSdi14
di14 Vig— xyl Vig— x2| Vag s i = IyiV18_|xyiV16 .l yziV20 ) di16 =1 2iV20 _Ixzivle .l yziV18 1 dm =2|xziV20 J
di18 = yZ| Vg s d ><Z| Vig IyziVlGI diZl: Ixiv38 I Ixz|V40 ) d|22 Ixylv IyZ|V40’
d - Iziv40 - Ixz. 38 IyZ|V39 ) di24 = Ixiv41_ I xyiv42 ol xziv43 ) di25 =1 yiV42 - I xyiV41_ I yziv43 )
Oige =1, Vas =1 iVay =1 iVap 1 =5,6.
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N6 = NZS + Ng+ Ng’+ Ng'q_d66q‘6 +d616q1q6 +d626q2q6 +d636q3q6 +d646q4q6 +d656q5q6 +d666q6q6

dz d5 ds d11 d14 d4aye_d3aze (B 13)
d3 qe"'[ de q1+ d9 (Q2+Q3)+ d12 q4+ dlS QS"' dZaZG_dAaXG qe]qe’
d4 d7 le dlS d16 d3ax6 _dzaye
dz xGaXG xy6ay6_|x26a26’ d3:|y6ay6_|xy6ax6_|y26a26’ d4:|z6a26 xz6ax6 y26 A,
d5 y6 xy6ax6a ><y6a 6+ Iy6ax6 y A7 = sz y6 yzGaXG ’ V44 Ixy6v45_|xz6v46 ’
d9 y6 Vis Ixy6v44_|y26v46v le:|26V46_|x26v44_|yz6v45 adll:|x6 47_|xy6v48_|x26v491
d12 y6 Vig Ixy6V47_|y26V49 ) d13: Izev49_ Ix26v47 _Iyz6V48 ) d14 = IXGVSO_ Ixy6v51_ Ix26V52 )
d15 y6 Vs, Ixy6V50_|y26V52, leZ|26V52_|x26V50_|y26V51-
Ixi _Ixyi _Ixzi IXi 00
cm _ 1empNT cm __ r -
1" =D,Ii"D/ =| -1 1; —l,|.0"=[ 0 [, 0],i=1to6. (b.14)
_Ixzi _Iyzi Izi 0 01

i.cm je 3 X 3 KOHCTaHTHA MaTpHWIlAa MHEpIUja WiaHa | y OJHOCY Ha IIEHTap Mace TOT uiaHa
U3paXeHa y KoopauHaTaMa wiaHa i. OBJe Cy y3eTH y 003ip caMo aKCHjaJlHH MOMEHTH UHEpIIUje
I, f, u |, wranoBa poGoTa y 0/HOCY Ha X, Y | Z ocy. LIeHTpr(yraaHu MOMEHTH HHEpLHje ce
cMmatpajy 3anemapspuBo ManuM. M3 Catia codTBepa cy nodujene cieaehe BpeTHOCTH aKCHjaTHUX
MOMEHaTa HHEpIHje M Maca wiaHoBa poborta Jlomals: IAyl =19, fxz =1157, fy2:21,185,
[,,=21,75, [,=45, 1 ,=451, |‘23:0 478, I,=2,691, 1,=0,23, 1,=27, I,=0014,

,s=0,008, 1,,=0,011, [,;=0,273, I =0,272, u [,,=0,004 kgm? my = 252, m, = 86,2, ms = 81,

ms =45, ms= 4,5 u mg= 11 kg. OB,Z[C ce Ixa, Iys, IZB, 1 Me OJTHOCE HA CTPYKTYPY KOjy YMHE WIAH
6 u eaa-edexTop.

Joaarak B.

Ta6ena B.1

Pauyncka cioxenoct passujeror O(n) anrroputMa TUpeKTHE quHaMuKe poborta Jlomals

JupexTHa pexkyp3uja

Unan 30up padyHCKHX OIepaiyja JaT 10 BEKTOpUMa KOjU CEe N3padyHaBajy VYkynan
30mp

1106 r™m:AM2A, 1" :12M5A, rf™:12M7A, 1" :19M9A, 1f" :21M12A, 1" :21M12A, 109M63A
jennaunna (4);
P, :9M6A, jennaumna (11); 11:0M2A, 1,:2M3A, 15:0M3A, |, =r{":0MOA,

I, =r":0MOA, |,=r{":0MO0A,
P; :2MOA, p; :3MOA, p; :6M2A, jeanaunna (19);

1106 I5m:6M3A, 15" :11MBA, 15" :13MBA, 15" :36M12A, I :36M12A, I&" :36M12A,  138MS51A
jennaunna (B.14)

1 b11: OM2A, b111:0MOA, jennaunna (37) 0M2A
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b21Z3M2A, b2215M4A, b211:0M0A, b212:5M2A, bzzzZZMOA, jeI[Han/IHa (38) 15M8A

b31: 2M4A, b32:4M3A, b33Z4M3A, b311:0M0A, b312:4M3A, b31312M2A, b32222M3A, 23M18A
D323: BMOA, bszs: 2MOA, jenraunna (39)

Da1: OM2A, ba:4M1A, b43:3M1A, Dsa:6M3A, jennauuna (41); ba1:0MOA, 42M22A
D412:2M2A, D413:2MOA, jennaunna (39); ba14:2MOA, jemuaunna (41); Da22:2M3A,

D423:3MOA, ba33:2MOA, jennaunna (39); Da2a: 10M7A, baza:0MOA,

D442:6M3A, jennauuna (41)

bs1: OM2A, bsp:4M5A, bss:3M1A, jennauuna (39); bss:6M3A, jennauunna (41); 70M38A
bs5:6M3A, jennaunna (43); bs11:0MOA, bs12:2M2A, bs13:0MOA, jenmnauuna (39);

Ds14:2MOA, jennaunna (41); bs15:2MOA, jennauuna (43); bs2:2M3A, bs23:3MOA,

jennaunna (39); bs2a:10M7A, jennaunna (41); bsys: 7TM2A, jenHaunHa

(43);bs33:2MOA, jennaunna (39); bs3a:0MOA, jennaunna (41); Ds3s:0MOA, jenHaunna

(43); bsaa:6M3A, jennaunna (41); Dsas:9M3A, bsss:6M3A, jennauuna (43)

bs1:0M2A, bs2:4M3A, be3:3M2A, jennaunna (39); bes:6M3A, jennaunna (41); 126 M65A
bes:6M3A, jennauuna (43); bes:6M3A, jennaunna (44); Ds11:0MOA, be12:2M2A,

bs13:2MOA, jennauuna (39); be14:2MOA, jennaunna (41); Ds15:2MOA, jemnauuna (43);
Ds16:2MOA, jennauuna (44); be22:2M3A, Ds23:3MOA, jennaunna (39);be24:10M7A,

jennaunna (41); Des: 7TM2A, jennaunna (43); be2s:5SM1A, jennaunna (44); Dssz:2MOA,

jennaunna (39); De3a:0MOA, jennaunna (41); be3s:OMOA, jemnaunna (43); Dszs:0MOA,

jennaunna (44); Deas:2M1A, jennaunna (41); beas:OM3A, jennaunna (43);

Dess: 18M12A, jennaunna (44); bess:6M3A, jennaunna (43); bese:27M15A,

Dsss:OMOA, jenraunna (44)

e1:6MOA, jennauuna (13); e11:2MOA, jennaunna (15) 8MOA
e2:9MbBA, jennaunna (13); €21:2MOA, e2:3MOA, jennaunna (15) 14M5A
e3:18M13A, jennaumnna (13); e31:2MOA, e32:3MOA, e33:3MOA, jennaunna (15) 26M13A

€4:26M26A, jennauunna (13); €41:2MOA, e12:3MOA, e43:3MOA, €44:3MOA, jemnaunna  37M26A
(15)

es5:41M35A, jennaunna (13); e51:2MOA, es2:3MOA, es3:3MOA, e54:3MOA, es5:3M0A,  55M35A
jennaunna (15)

e6:59MB50A, jennaunna (14); es1:2MOA, e62:3MOA, €63:3MOA, €64:3MOA, e65:3M0OA,  76M50A
e66:3MOA, jennaunna (15)

d1:0MOA, jenmaunna (17); di1:0MOA, di111:0MOA, jennaunua (41) OMOA
d2:6M3A, jeI[Ha‘H/IHa (17); d21:0MOA, d22:6M3A, danOMOA, d212:5M3A, 21M11A
d222:4M2A, jennaunna (47)

ds: 11M9A, jennaunna (17); dsi: OMOA, dz2: 6M3A, jennauuna (47); dss: OMOA, 26M18A

jenuaunna (49); d311:0MOA, d312:5M3A, jenrauwna (47); ds13:0MOA, jennaunna (49);
d322:4M3A, jemnaunna (47); da23:3MOA, dsszs:0MOA, jenmaunna (49)

ds: 20M17A, jemnaunna (17); dai:0MOA, ds2:6M3A, jennaunna (47); di3:0MOA, 78M52A
jennaunna (49); das: IMBA, jennauwna (51); da11:0MOA, da12:2M2A, jennauuna (47);
d113:0MOA, jemnaunna (49); da14:9M3A, jenmaunna (51); daz2:4M2A, jemnaunna (47);
d423:3MOA, d433:0MOA, je,I[Ha‘-II/IHa (49); d424219M16A, d43420MOA, d444§6M3A,

jennaunna (51)

ds: 32M30A, jemnaunna (17); ds1:0MOA, ds2:6M3A, jennaunna (47); ds3:0MOA, 153M113A
jennaunna (49); dss: IMBA, jennauwna (51); dss:9MBA, jennaunna (53); ds11:0MOA,

ds12:2M2A, jennaunna (47); ds13:0MOA, jenmaunna (49); ds14:7M3A, jemnaunna (51);
ds15:8M3A, jemnaunna (53); dsp2:4M2A, jenmaunna (47); dsz3:3MOA, jemnaunna (49);
ds24:21M18A, jennaumna (51); dsz5:19M16A, jennaunna (53); ds33:0MOA, jeanaumna

(49); ds34:0MOA, jennaumnna (51); ds35:0MOA, jenmaunna (53); dsas:6M3A, jenHaunnaa

(51); d545:21M18A, d55526M3A, je,IIHa‘H/IHa (53)

ds: 56M53A, jennaurna (17); de1:0MOA, des2:6M3A, jemnaunna (47); dss:0MOA, 246M176A
jennaunna (49); des: IMBA, jemnaumna (51); des:9M6A, jemraunna (53); dss:9IMBA,

jennaunna (55); de11:0MOA, ds12:2M2A, jennaunna (47); de13:0MOA, jennaunna (49);
de14:7TM3A, jemmaumna (51); de1s:7M3A, jenmaunna (53); ds16:6M3A, jemnaunna (55);
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de22:4M2A, jennauuna (47);

de23:3MOA, jennaunna (49); de24:21M18A, jennauuna (51); de2s:19M16A, jennaunna
(53); de26:13M7A, jenraunna (55); dezs:0MOA, jennauuna (49); dsza:0MOA,
jennaunHa (51); de3s:0MOA, jennaunna (53); ds3s:0MOA, jemnaunna (55); dssa:6M3A,
jemnaunHa (51); dess:21M18A, jennaumna (53); dess:15M9A, jennauuna (55);
dess:6M3A, jennaunna (53); dese:27M15A, dses:0MOA, jenraunna (55)

HNuBep3na pekyp3uja

6101 n/ :12M12A, jennauuna (56); n; :6M9A, jennaunna (57); n;, :6M9A, jennauuna 52M78A
(58); Ny, :12M24A, jennauuna (59);
Nn,. :12M18A, jennauuna (60); n, :4MB6A, jennauuna (61)

6101 n :34M34A, jennauuna (52); n., :28M43A, jennaunna (63); n., :22M34A, 112M155A
jennaunna (64); n,, :16M25A, jennaunna (65); N, :10M16A, jennaunna (66);
Ny, :2M3A,; jennauuna (67)

6101 n,:0MOA; n., :0OMOA; n;,, :0MOA; n,, :22M33A, jennaunna(68); n,, :16M24A, 42M65A
jennaunna (69);
Ny, :AMB8A, jennauuna (70)

6101 n . :0MOA; nj,:0MOA; n,,, :0MOA; n),:8M7A jemnauuna (71); nj,, :18M13A 34M29A
jennaunna (72);
Ni,; :8MO9A jennaunna (73)

6 10 1 ui:6M9A, U2:20M22A, u3:20M20A, Us:27M15A, us:27M15, us:27M15A, jennauunne (40) 127M97A
u (41)
G; ] =1 o 6 npopauyn: Pemapame cucrema juHeapHux jeanHaunna (34) ynorpebom 106M91A

['ycoBe enmuMuHanuje

YKYIIHO:
1735M 1275A

Honarak I'. KoepuuujenTn nuHaMu4ukor mojaeaa podoora JloaalS y ¢pyHkuuju MomeHara
MOTOpa

Ca ciuke 3(b) moske ce Buaern na kperame uiaana 2 pobora Jlomal5 qoBoau 10 KpeTama diaHa
3 (reoMeTpHjcKO KyILJIOBame, Tj. CIpEerHyroct). M3 oBor pasiora, HEONMXOIHO je Ja pPOTOp
aKkTyaTopa 4wiaHa 3 BpIIM poTalujy KaJa u 4iaH 2, Tako 1aa he Baxutu cienehe:

qaazks(qs"'qz/kz). (r.1)

Ha caunu I'.1 npukasanu ¢y eeKTH TeOMETPHJCKOT KYIJIOBama MpH KpeTamy uianosa 4, 5, and
6 (wrist po6ora Jlonal5). Ca ciuke ce Buau aa ce obpramem wiaHa 4 yjeaHo oOphe u uman 5
(potanuja Qss), ka0 W WiaH 6 Ha JBa HAYWHA: MPEKO MPEHOCHWKA uwiaHa 6 (porarmja Oess) U
IpeKo MpeHoCHUKa wiana 5 (porammja (ess). OOpTameM wiaHa 5 ce yjenHo oOphe u wian 6

(poTanuja Qges).
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Canka I'.1. Edextu reomerpujckor KyroBama 4ianosa 4, 5 u 6 podora Jlonals.

Jla 6u ce crnpeumsia HeXKeJb€HA KpeTama 4jaHOoBa poOOTa ycied T'€OMETPH]CKOT KYIUIOBamba,
MOTPeOHO je J1a KaJia pOTOp MOTOpa 4iaHa 4 poTupa poTUPAjy U POTOPH MOTOpA WiaHOBa 5 U 6.
W3 wucror pasnora, Kama ce porop MoTopa wiaHa 5 oOphe, porop MoTopa uigana 6 mMopa na
potupa. IIpenocun omHocu pobota Jloma 15 cy ki = 120, ko = kz = 119, ks = Kkasknds, Ks =
KkasKkonsKndsKzs, Ks = KkoneKndeKz6Kkones, Ksa = Kkas, Kea = -1, Kes = K, Kkaa = Kkas = 24/14, Knda = 78, Knds
=120, Knds = 50, Kkons = Kkons = 1,6, Kkones = 1, andkzs = kzs = 10/15. TTocnennuno, Baxu cienehe:

O =Ks O +Ksy 0y, 1 O =K s +Kg, 0, +Ke5 0 - (I.2)

Koedumujentn Tpema MUpOBama M BUCKO3HOT Tpema Cy st = Us2 = Us3 = Msa = 0,22, Hss = 0,35,
us6 = 0,21, fvl = fv2 = fv3 = 0,00025, fv4 = fv6 = 0,002, fv5 = 0,003

Kana ce y3my y 003up KOe(HIIMJEHTH CTATHYKOT [si © BUCKO3HOT fyi Tperba, MPEeHOCHU 0HOCH Ki
¥ MOMEHTH HHeplje aktyaropa ls po6ora Jlonals, koedummjentu Uy u hy, jemnaunue (77)—
(79), mocrajy:

Uy =[u'+ s, sign(G)u 1/k +K fLiGpre, » 11,24,

Uly = [Ug+ 24,819N(G) Uy 1 /Ky K, Fg (G prey /Ko Gy ) »

Uyg =[Ug + £45SIgN( G5 )Us 1 /K + 5 (Ko Oy prey +KsUs prev )

s =[Us+246S19N(G ) 1/ Ko+ i (K Gl prew s G prey s G prev)

h,=h./k+k(I,,+f, At), i=1,2,4,

N,5,=Ns, [KsHKs (1t AL /K,y Rsg=hy, /KK (1,+f 5AL)

hiss =g, /Ks sy (s + fusA) s Nigg =hyg /s +Ks (1,5 + fusAt)

ho, =he, /K +Ke, (1g + F6AL) , s =hgs /Ks +Kes (15 + T 6AL)

' es =Ngs /Ks +Kg (1,6 + f6AL) (r.3)

rnejehaij:hj/K,i:1H j=2,3,4,5,6 ummi=2uj=13,4,56umi=3uj=1 4,5, 6, uin
i=4uj=1,2,3,56umwmi=5uj=1,2,3,6umi=6uj=1,2, 3.
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Honarak /JI. [Tapamerpu motopa podora JloaalSs

Oce 1 u 3 pobora Jlonal5 mokpehy ce MoTopruMa 4Hju MaKCUMaTHH MOMETHH u3HOoce 17,8 Nm.
Makcumanna 6p3uHa obprama je 3150 min~!. Ocy 2 mokpehe MOTOp KOju MOXe J1a OCTBapH
MaKCHUMAaJIHH MOMEHT o1 38,6 Nm u uma Makcumanny 6p3uny ooprama 2800 min~!. Oce 4, 5 u 6
nokpehy ce MOTOpHMa YMji MaKCHUMaJIHU MOMETHHU u3Hoce 3,47 NM, u ocTBapyjy MakCUMalHy
6p3uny 06pTama 3400 min~'. MomMeHTH HHEpIHje POTOpa ca NPEHOCHUKOM CY CIeACTBEHO la1 =
las = 0,0042, 1.2= 0,009, l;3= 0,0008, la5= 0,001, l.s = 0,0007 kgm?,

Nonarak E. Hymepuuku npumep (toy model) nma 4-ocHom ¥Ypebhajy 3a mnpocrophy
nesopujentanujy muora (YIIIIT)

Hymepuuku npumep (toy model, exne.) 3a 4-ocuu YITIT ypehaj je mat kako Ou ce WirycTpoBaiu
KJbydyHU Koparu npemioxkenor merona. YIIJIIT ypehaj je momenoBan kao 4-0oCHU pOOOTCKH

MaHHMITYJIATOP ¢a POTAMOHUM 3r1000BMMa, ciuka E1. BekTopu €ik, €ik, di, dik 1 "

., HEOIIXOHH

3a TIpopayuyH BEKTOPa Nnc, Nic, Nia1,Nia2 U Nia3, jemHaumne (22)—(26), cy natu y [27]. OBae Baxu na
je pi=afc, s, 0], p;=[0 0 d,]', p3=p;=p;=0.

Gondola - link 4,
pitch axis

S

><
Gy

S
roscope
frame - link 2

N
X

A
v,

Arm - link 1

Cumka E1. (a) 3/ mozmen YIIJIT ypehaja ca 4 crenena cnobozne. (b) KC YIIIIIa

Bekropu Ni¢, Ni, Ny ¥ N3, jennaunne (22)—(31), 3a YIIAII cy:
n,.=d,+l,xe,, n, =d,+l,xe;, n, =d,+l,xe,+p,xE,, n, =d,+I,xe +p, xE,, (E.1)

rae je E;=e,+e,, E,=E +e,,

4 4 3 3
n4a1:kZ(d4k +l,xe,, )d, :anAkalqk ) nSalsz(d3k+|3x83k )i :kzn3kalqk , (E.2)
) =} =) =)
2 2
n231:Z(d2k + 2%€5 )qk :ankalqk ) nlal:(d11+|lxe11)q1 = nllalql ) (E3)
k=1 k=1
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nilal:[n41al Nyoar Nyzes n44a1]:[d41+l4><e41 dp+,xe, dytlxe, d44+l4><e44], (E.4)
N30 =Ny HNyy = [nSlal Nipar N Nagan :{:Z(dkﬁ‘l x€,;) Z(dk2+l x€,,) Z(dk3+l x€,3) n44a1:|’
(E.5)

n2a1_n2al+n3al [n'21al n,22a1 n;Sal 44a1] |:Z(dkl+| ><ekl) Z(dk2+| ><ek2) n33a1 44a1}’ (E 6)

nlal n1a1+n2a1 [nilal n’22al né?:al n44al] |:Z(dk1+| Xekl) n22al n,33al n214a1:|1 (E7)
N, =0, p; =0=n,, =0, Ny, =n;,, = [0 00 O] (E.8)
Nypp = I: ,XEqy PoxEyy PyxEy O] (E.9)
n{azz[pIXE21+p;><E31 Py tP,¥Ey, P,xEg 0]’ (E.10)
Es1= €41 +e31, Es2= €42 + €32, Es3= €43 + €33, E21= €31 + €21, Ex2 = €32 + €22, (E.11)
N5s=[0 0 0 PyxE,,], ni,=[0 0 pixEg (pi+p;)xE,,] where Ess=eus. (E.12)

Bekropu Z],, HEONXOJHH 32 popadyH MoMeHara Ui, jennaunte (34)—(36), cy natu y jenmHaunHu
(E13). OBae cy kopunthenn MXT 3a YIIJII, natu y [27].

:[0 0 1]’ ZI :[0 0 1]' ZZ :[512 —Cp 0], ZZ :[512 —Cp 0], Z; :[C12C3 S1,C5 S3]' (E13)

V oBoM HymepuukoMm mnpumepy ysactomHe nosuumje 0 (t,), Opsune ¢ (t,) u yopsama §(t)
VII[AIla cy xopumihena kao yaa3HH napameTpu. Ha OCHOBY OBHX mojaTaka, Kao M
reOMETPHUJCKUX M HHepuujanHux napamerapa YIIJ[Ila, MmoMeHTH Ui cy pauyHaTH NpPUMEHOM
RNEA u npemioxenor mMRNEA. TIpumeHom oBa nBa anroputMa qo0ujajy ce€ UCTH PE3yJITaTH,
ciuka E2(a). Ha ocHOBY Tora ce 3akibydyje Ja pelicimhe cucTeMa JMHeapHux jenHaunna (34)
najy Bpensoctu ((t,) koje cy umenTuuHa ynasuum yopsamuma, ciauka E2(b).
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Cauka E2. (2) ITokperauku MmoMeHTH y 3rimodoBuma Ui mobujern RNEA 1 mRNEA mporiemypom.
(b) Vraoma ybop3ama wianosa YII/IIa.

3axXBaJHOCT

OrnurcaHo TEXHUYKO pelieke je peain30BaHo y okBHUpY npojekra TP 35023 mox HazuBoMm ,,PaszBoj
ypebhaja 3a TpeHUHT NMUJI0TAa U TMHAMUYKY CUMYJIAIU]y JieTa MOJACPHUX OOpOCHUX aBHOHA U TO 3-
ocHe mneHTpudyre u 4-ocHor ypehaja 3a TPOCTOPHY JAC30PHJCHTANM]Y IHIOTA®, KOjH je
¢buHaHCHpaH on cTpaHe MHHHCTapCTBa MPOCBETE, HAyKe M TEXHOJOWIKOT pa3Boja PemyOmuke
CpOuje.
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Conventional methods for solving robot forward dynamics are characterized by high com-
putational complexity. Recursive Newton-Euler algorithm (RNEA) is the most efficient com-
putational method used for deriving a manipulator’s dynamic equations of motion. In order
to solve robot forward dynamics using RNEA in the most widely used Walker and Orin’s
method 1, it is necessary to execute RNEA n+1 times, where n is the number of degrees-
of-freedom (DoF). Herein, a simple and efficient method to solve forward dynamics using
the modified RNEA (mRNEA) only once is presented. The proposed method is significantly
more beneficial when used for robot simulations as it does not require calculating joint
torques as inputs for forward dynamics unlike other methods. Further, an algorithm that
calculates the joints’ accelerations based on forward dynamics while considering the ac-
tuators’ force/torque saturations and achieves a realistic simulation of robot movements
is presented. The proposed mRNEA, its application in the presented forward dynamics al-
gorithm, and the efficiency of the presented algorithms are demonstrated using a serial
6-DoF robot as an example.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

1.1. Background

One of the goals of robot simulation is to verify the feasibility of programmed movements, and if necessary, to modify
them. This is essential in robot design as the real values of forces and moments acting on robot links and joints must be
calculated. Identifying the computational efficiency (number of computations) of the algorithms used within the simulation
and the design of the robot and multibody systems is very important. The ease of development and implementation (al-
gorithm development for a specific robot) of an algorithm is another highly pertinent feature; it is more important than
computational complexity owing to the development of modern-day computers. Further, this is critical with regard to the
development of highly complex robot dynamic models.

The past few decades saw a considerable amount of research on the computational efficiency of robot dynamic models
within the design, control, and simulation of a variety of very complex and high-speed robots and multibody systems. The
simulations used branched kinematic trees and dozens of DoF [1].
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Nomenclature

n number of degrees-of-freedom (DoF) of a robot

d q.q n x 1 vectors of the joint accelerations, velocities, and positions

H(q) n x n generalized robot mass (inertia) matrix

hy; an element of matrix H(q)

C(q.q) n x n matrix specifying centrifugal and Coriolis effects

g 3 x 1 vector of Earth’s acceleration

g(q) n x 1 vector of gravity terms

J(q) 6 x n Jacobian matrix

ke 6 x 1 vector of the external forces and moments on link n

Je, ne 3 x 1 vectors of the external forces and moments on link n

u n x 1 vector of input joint torques/forces

v (q.q,ke) n x 1 bias vector

At interpolation cycle time

Minaxi> Gmaxi maximum torque and maximum speed for that torque, i=1 to n

u; joint torques, i=1 to n

Uaj actuator torques, i=1to n

I1,,iD;, 7p; 4 x 4 homogenous transformation matrix, 3 x 3 orientation matrix, and 3 x 1 position vector from
frame j to frame i

W;, ®; 3 x 1 vectors of angular velocity and angular acceleration of link i

v;, Vi 3 x 1 vectors of linear velocities and linear accelerations of link i

VA 3 x 1 vector of linear accelerations of link i centre of mass

™ 3 x 1 vector of position of link centre of mass with respect to the coordinates of link i expressed in
the base coordinates

B 3 x 1 vector of position of link centre of mass with respect to the coordinates of link i expressed in
the coordinates of link i

p;. I 3 x 1 vectors of position of link i

Pe, Pe 3 x 1 vector of the position of the external force with respect to the coordinates of link n expressed
in the robot base coordinates and in the coordinates of link n, respectively

m; mass of link i

I moment of inertia matrix of link about the centre of mass of link i expressed in the base link
coordinates

m moment of inertia matrix of link about the centre of mass of link i expressed in coordinates of link
i

F;, N; total force and total moment exerted on link i

f, n; force vector and moment vector exerted on link i by link i - 1 with respect to the base coordinate
frame, i=1to n

N, Nj,1, N, N3 3 x 1 vectors which are the parts of the moments n;

n';. 3 x 1 vectors which are the parts of the moments n;

0,150,153 3 x n vectors which are the parts of the moments n;, and which correlate with accelerations

bj, by;, €;, ey, en 3 x 1 vectors of the total force F;

dy, dy 3 x 1 vectors of the total moment N;

| 3 x 1 vectors of the moment n;

Z;_q 3 x 1 unit vector of the axis of motion

Ha(q) n x n generalized robot mass matrix that relates to the actuator rotors

uq(q.q, Kea) n x 1 bias vector that relates to the actuator rotors

Fy n x n diagonal matrix of viscous friction coefficients fy;

Fs n x n diagonal matrix of Coulomb friction constants pis;

sign(x) sign of x

k; gear ratio of the gearbox of axis i

Ly moment of inertia of the rotor and the gearbox elements of the axis i reduced to that rotor

Two main problems related to the robot dynamics are forward and inverse dynamics problems. Forward dynamics (FD)
solves the motion from the forces, while inverse dynamics (ID) solves the forces from the motion [2]. ID is used in dynamic
model-based control and for FD calculations. FD is used mainly in simulation purposes.
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1.2. Formulation of the problem of interest for this investigation

One of the present challenges in robot simulation is to derive algorithms that are not only computationally efficient, but
also are easy to apply to a specific robot as well.

A Lagrange formulation (LF) of manipulator equations of motion provides a compact analytical form containing a sym-
metric, non-singular n x n generalized robot mass (inertia) matrix H(q), and a bias vector u’ that denotes joint torque con-
tributions that do not correlate with the joint accelerations [1,3-10]. Therefore, when the LF is used, the joint accelerations
G(t,) (within one interpolation cycle) can be computed by solving the system of n linear equations, where n is number of
manipulator DoF. Although it is not complex to solve FD using LF, this method is typically used for manipulators when n <3
because of the very high computational complexity of the LF: O(n%).

Robot dynamic models should have a clear relationship with a recursive set from which the optimum computational
efficiency is obtained [3]. In contrast to the LF, the computational complexity of the RNEA is O(n). Reference [11] developed
a recursive LF; however, the computational complexity of the recursive LF is O(n3).

Luh, Walker, and Paul [12] developed a computationally efficient RNEA which is independent of the type of robot configu-
ration. This method involves successive transformations of the velocities and accelerations from the base of the manipulator
out to the end effector, link-by-link, using the relationships of moving coordinate systems. Forces and moments are then
computed recursively from the end effector to the base in order to obtain the joint torques/forces (ID). The RNEA can also
be found in many classical robotics texts [9,13-16].

Walker and Orin [6,7 employed the RNEA for computing the FD and presented four methods to solve the joint acceler-
ations. Their method 1 (WO method 1) remains the simplest and the most recommended in the literature [3,4]. According
to this method, torque w’ is computed using the RNEA. Further, each column h;, i=1 to n, of matrix H is computed as the
torque vector given by the RNEA. It is shown that WO method 3—later named the Composite-Rigid-Body Algorithm (CRBA)
[1,10,17]—is the most efficient of all WO methods. Unfortunately, CRBA is difficult to develop and implement.

In this paper, a modified recursive Newton-Euler method for derivation of dynamic model of robot manipulator is pro-
posed. Besides being efficient and easy to use, mRNEA gives explicitly the mass matrix H and the bias vector u’.

1.3. Literature survey

For the computation of the mass matrix, [18] developed an Articulated Body Algorithm (ABA) for the FD calculation. The
algorithm is based on recursive formulas involving quantities called articulated-body inertias, which represent the inertial
properties of the collections of rigid bodies. Reference [19] described an algorithm that reduces the time complexity for the
construction of matrix H and inverts it to the theoretical minimum using the RNEA and ABA. The calculation of the terms
of the generalized matrix H by means of the Hessian of the Gibbs function with respect to generalized accelerations and a
recursive algorithm is presented in [20]. In [21] and [22], it is shown that conventional methods which employ the matrix
H [6] can be significantly accelerated by applying suitable factorization.

A parallel algorithm, based on the composed rigid-body method, that generates the matrix H using the parallel Newton-
Euler (NE) algorithm, the parallel linear recurrence algorithm, and the modified row-sweep algorithm is described in [23].

Reference [24] presented a parallel computer algorithm for the simulation of large articulated robotic systems. The
method employs the Divide and Conquer Algorithm (DCA) multibody methodology and achieves significant increases in
speed by using a variation of the ABA to efficiently construct the DCA subsystems.

A methodology for the dynamic modelling of hybrid robots that are constructed by serially connected non-redundant
parallel modules is presented [25]. The proposed methods give the inverse dynamics model using RNEA, whereas the for-
ward dynamics model generalizes the serial robot algorithm of Featherstone [18].

An analytical derivation of the matrix H and its inverse for an open-loop, serial-chain robot is presented in [26-28]. A
decomposition of a generalized matrix H based on Decoupled Natural Orthogonal Complement (DeNOC) matrices is used in
these papers, which resulted in efficient O(n) recursive FD algorithms that calculate the joint accelerations which are then
integrated numerically to perform a simulation [29,30] (Table 2). In [31] and [32], the DeNOC-based formulation is extended
to dynamic modelling and the analysis of more complex tree-type robotic systems consisting of multiple-DoF joints.

In [32], a more efficient O(n) recursive FD algorithm based on DeNOC is presented. However, the mechanism—with which
the researchers almost halved the number of counts with regard to algorithms presented in papers [29] and [30] —was not
discussed. These algorithms are also based on DeNOC considering that they applied this algorithm to a robot that was not
a tree type and had only six 1-DOF joints. In [33], a dynamic modelling methodology is presented for parallel multibody
mechanical systems based on the RNEA and the DeNOC matrices. This methodology facilitates both ID and FD.

In [34], by using a virtual spring approach, a modified DeNOC method is introduced for forward dynamic analysis of
parallel robots.

A general and effective method to solve the forward and inverse dynamics of mechanical systems subjected to non-
holonomic constraints is proposed in [35]. In [36] was examined the modular development of two alternate methods for
distributed computation of the forward dynamics simulations of constrained mechanical systems. Reference [37] proposed a
reduced-order FD of multi-closed-loop systems by exploiting the associated inherent kinematic constraints at the accelera-
tion level.
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Reference [38] presented the decomposition of the generalized matrix H of multibody systems with an open kinematic
architecture (serial or tree type) with its application in FD and for simulation purposes.

References [39,40| presented an algorithm which calculates FD for a 3-DoF centrifuge motion simulator and a 4-DoF
spatial disorientation trainer using the RNEA only once.

In [41], a numerical algorithm for iterative solution of systems of nonlinear ordinary differential equations for solving
forward dynamics problems of manipulators is presented.

Reference [42] considered fuzzy uncertainty in forward dynamics simulations.

The identification of the robot dynamic parameters was investigated in many robotics texts [43-46].

1.4. Scope and contribution of this study

The aim of this study is to discretize the FD computation and to further reduce the complexity of FD in open-chain
manipulators. The contributions of this manuscript are as follows:

(1) A method to simplify the development and implementation of FD algorithms, which executes the mRNEA only once,
is proposed. The terms of the matrix H and the vector w’ are obtained explicitly by using mRNEA in a similar manner
as LF.

(2) An implementation of a new FD algorithm within a simulation system is presented. In the most recommended meth-
ods presented in the literature, the additional calculation of the input joint torques u, Eq. (2), had to be performed
within this simulation system of a robot. With the presented method, input-joint-torque calculation is performed
within the FD algorithm, and therefore, the computational complexity of the simulation system is additionally re-
duced. As a result, the simulation system has to solve ID only once within each interpolation cycle, in comparison to
simulation systems which use, for example, WO method 1, and which solve ID n+2 times.

(3) The robot motion equations are discretized in order to be suitable for implementation within discrete simulation
systems and robot controllers. This enables the calculations of joint velocities and positions, after the calculation of
joint accelerations, in a simple way (Point 7 in Algorithm 1).

(4) The development of the proposed mRNEA and its application in the FD algorithm is systematically illustrated for the
cases of serial-chain robots with six and four rotational DoF.

(5) The presented FD algorithm is computationally one of the most efficient when compared with other methods given
in the literature. While the computational complexity of all WO methods, including CRBA, is O(n?) [4], the presented
algorithm is of O(n) complexity.

(6) Compared with other efficient methods, the presented algorithm is very simple to develop and implement for a gen-
eral open-chain robot.

(7) Finally, an algorithm is presented herein which examines the joint acceleration capabilities in each interpolation cycle
considering the actuator torque/force saturations and provides realistic values of the accelerations along with the
velocities, positions, forces, and moments of the robot links during programmed movements (Algorithm 1).

1.5. Organization of the paper

The rest of the paper is organized as follows. In Section 2, mathematical background for the research interest of the
paper is given. Section 3 presents the proposed approach for efficient FD calculation and its implementation in a robot
simulation system. Section 4 depicts the proposed FD algorithm for open-chain manipulators with n DoF. The application of
FD, based on mRNEA on an open-chain 6-DoF system, is given systematically in Section 5. A toy model for the 4-DoF spatial
disorientation trainer (SDT) is also presented in this Section. The computational efficiency of the proposed FD algorithm is
analysed in Section 6. The FD algorithm, which calculates the achievable motor velocities in each interpolation cycle based
on the actuator torque/force saturations, is presented in Section 7. The validity of the proposed algorithm is examined within
the simulation system of a 6-DoF serial-chain robot in Section 8. Finally, concluding remarks are given in Section 9.

2. Mathematical background

Given that the motion control and simulation of robots and general multibody systems is performed using discrete con-
trollers (digital computers), the motion equations of such continuous systems need to be discretized to be suitable for
numerical calculations and implementation within discrete simulation systems and controllers.

Forward dynamics (FD) calculates the joint accelerations @(t;) at a time instant t;, and the joint velocities q(t,,) of the
next interpolation cycle time (At) and joint positions q(t,, 1) at the end of the next At. FD considers the joint torques u(t);
the inertial, gravitational, and Coriolis forces of the robot links; forces and moments acting on the end effector; and the
friction forces and moments of the joints. The joint velocities and positions of the next At are then calculated in a very
simple manner (Point 7 in Algorithm 1).

When a robot is considered a continuous nonlinear system, after obtaining §(t;), the velocity §(t,,) and position q(t;)
at a time instant t, 1 =t,+ At are computed using a numerical integration method, i.e., Runge-Kutta, with an integration
step At [4].
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Fig. 1. Example of given joint velocity change.

On the other hand, inverse dynamics (ID) determines the joint torques u(t;) at time instant t, which are required to
generate the motion specified by the joint accelerations, and consequently, the velocities and positions. This is accomplished
by using the current velocities, current positions, the forces and moments acting on the end effector, and the friction forces
and moments of the joints.

The ID of a manipulator with n DoF can be solved by well-known equations of motion which represent its joint space
dynamic model

H(q){d + C(q.4)q + g(q) +J(q) k. = u, (1)

where §, q, and q are n x 1 vectors of the joint accelerations, velocities, and positions, respectively; C(q.q) is an n x n matrix
specifying the centrifugal and Coriolis effects; g(q) is an n x 1 vector of gravity terms; ke is a 6 x 1 vector of the external
forces and moments on link n; J(q) is a 6 x n Jacobian matrix; and u is an n x 1 vector of the input joint torques/forces. The
diagonal terms of the mass matrix are related to the inertias of the corresponding DoF, and the off-diagonal terms express
the inertial couplings between the DoF [5].

From Eq. (1), it can be seen that for time instant t;, the joint torques/forces are linear functions of the joint accelerations
G(t,) when q(t,) and q(t;) are given. These equations can be obtained explicitly with the LF which contains the matrix H(q)
and vectors C(q.q)d, g(q), and J(q)Tk.. Consequently, the joint accelerations &(t;) can be computed by solving the following
system of n linear equations

H(q)q =u- u/(qr ('l! l(E)s (2)

u'(q.q. ko) = C(q. )4+ g(q) +J(q@) k. (3)

3. Proposed approaches

Regardless of the type of robotic movements—continuous (controlled) path movement (CP) or point-to-point movement
(PTP)—or of the manner in which these movements are given—programmed, hand-guided, vision-guided, or computer-aided
design (CAD)-guided—a path planner of the robot controller transforms the motion commands into a series of successive
positions of robot joints/actuators. As they are sent to the servo controller at constant time intervals At, they correspond
to the desired joint/actuator velocities of q;(ty) = (q;(ty1) — q;(t))/At, which can be considered constant within each At
(up-to-date controllers have At between 0.01s and 0.003 s). Thereafter, the path planer sends the desired joint velocities to
the speed controllers of the actuators, whose task is to keep them constant within each At.

Since each joint velocity can be considered constant within each At, and since the current velocity ¢;(t,) and given
acceleration ¢;(t,) are known (calculated within the path planer), the joint velocity in the next interpolation cycle is
i (te1) = Gi(ty) + di; (k) At, which is depicted in Fig. 1.

As mentioned above, in a classical robot simulation system, FD first calculates the bias torque w’ by solving ID, which
utilizes the RNEA. Thereafter, FD builds the matrix H, usually solving ID with the RNEA n times (WO method 1). In the
next step, the simulation system determines the torque u, which is the input into FD, solving ID in such a way that the
robot joints achieve their given positions q(t;, ) at the end of the next interpolation cycle (see Fig. 1). These positions are
calculated in the path interpolator. Finally, FD solves the system of n linear Eq. (2) in order to calculate &(t,). The foregoing
discussion implies that by using the complexity of the most used approach, the robot simulation system has to solve ID in
every interpolation cycle n+2 times.

In this study, a method for obtaining Eq. (2) explicitly with the mRNEA is proposed. Consequently, a simple and ef-
fective method, which calculates ¢(t,) using the mRNEA only once, is proposed. The presented FD algorithm utilizes the
current values of q(t;) and q(t;), the given values of q(t;,1) and q(t;,) calculated in the path interpolator, and k.. First,
it checks if the desired positions and velocities are feasible. If they are not, it limits their values in accordance with their
maximum/minimum possible values.

Based on this, the algorithm calculates the desired joint accelerations §;(t;) = (q;(ti,1) — ¢i(£))/At. Next, the mRNEA
calculates the joint torques/forces u required for the desired joint motions. In the next step, the algorithm calculates the
required actuator torques u,, whose capabilities are examined. Unachievable torques/forces are replaced with the maxi-
mum/minimum possible, with the aim that the FD algorithm determines the achievable accelerations. Other joint accelera-
tions keep their values obtained from the path interpolator.
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Algorithm 1
Achievable joint velocities calculation.

Input: The current values of q;(t), q;(ty), the given values of q;(t;,1), 4i(ty.1), i=1 to n, for the next At calculated in the path planner, robot
configuration, link masses, mass center positions and inertias of the links in the robot base frame, external forces, joint-friction coefficients, gear
ratios, geometric coupling effects, and actuator capabilities.
1:if Qi(tk-ﬂ) > Qmaxi(tkﬂ)- then Qi(tk-ﬂ) = qmaxi(tk-ﬂ)- or
if Qi(tkﬂ) < _‘jmaxi(tkﬂ)v then di(tkﬂ) = _Qmaxi(tkﬂ)
Gi () = (Gi(tes1) — Gi(t))/ At
u; calculation (ID, Eqgs. (34))
u,; calculation (Appendix D)
if Uy > Mpayi, then uy = My and iy =1, or
if Uy < —Mpaxi, then uy; = —Mpax; and iy = 1
6: Gi(ty) calculation (Egs. (92)),
if iy; = 1, then ;(t,) takes a new achievable value
7: Gi(tie1) = i () + i (G) At and q;(ti1) = qi () + i(Gg1) At
8: return §;(ty1), qi(tes1)

v W N

In this way, within the simulation system, only attainable motor velocities and positions are sent from the path planner
to the speed controller during each At. Consequently, joint forces and moments are calculated based on the attainable
velocities and accelerations, so that their realistic values are obtained. The FD simulation can be used in a stage of the robot
design process, in which case it enables the proper design of bearings and links. This algorithm (Algorithm 1) is presented
as follows:

4. Proposed FD algorithm based on mRNEA

In this section, the proposed FD algorithm based on mRNEA for open-chain manipulators with n DoF is presented.

A 4 x4 homogenous transformation matrix (HTM) that transforms point coordinates from frame j to frame i is denoted
by JT;, and from the base frame to frame i by T;. The matrix /T; contains a 3 x 3 orientation matrix /D; = ['x; Jy; Jz]
and a 3 x 1 position vector /p;.

The linear acceleration of the robot link i centre of mass is

. . . cemT . -

vt = ur U] =V e ™ e x (0 xr™), C)
where r{™ = [ri" 1" ri T =[ry 1 ru4]T =DM is the position of the link i centre of mass with respect to the
coordinates of link i expressed in the base coordinates. This vector in the coordinates of link i is ¥™ = [7; 7 o L.\
vector cross product is denoted with x, and @;, ®;, and V; are given in Appendix B. Eq. (4) can be rewritten as

Zb,qu+ZZb,k]qkqj, i=1ton, 5)

k=1 j=k

where by, and by, are 3 x 1 vectors. The total force F; and total moment N; exerted on link i, obtained from the NE equations,
are
T

T ) ) )

F = [in Ey; in] = mi[’/fqm [ —g] ; (6)
T X

Ni = [in Nyi Nzi] = Ilcm ®; + W; X (l,cm wl‘). (7)

The mass of link i is denoted as m;, g is Earth’s acceleration and If™ is the 3 x 3 moment of the inertia matrix of link i
about the centre of mass of that link expressed in the base coordinates. Egs. (5) and (6) yield

F=m{[0 0 f] +Zb,qu+22blk]qkq] Li=1ton. (8)
k=1 j=k

Eq. (7) can be rewritten as

N; = Zdszk + szlk,qkq], i=1ton, )

k=1 j=k

where dy, and dy; are 3 x 1 vectors. The effects of the external forces and moments, kI = [fo  n.]", acting on the end
effector are well-known as

fn =Fn+fes (10)

T
n; =N; +ne + [peyfez — Dezfey  Dezfex — Pexfer  Pexfey — peyfex] s (11)
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where pe = [Pex Dey Dezl” = Dnpe is the position of the external force with respect to the coordinates of link n ex-
pressed in the base coordinates. This vector in the coordinates of link n is Pe = [Pex Pey  Pez]’- Egs. (8) and (10) yield

i
Fi=e+) e, (12)
k=1

i i
e,~=m,~([ 0 0 -g ]T+Zij/<jqkq]'>, i=1ton-1, (13)

k=1 j=k
;oL
en=m([0 0 —g] +) ) by;did; ) +fe i=n, (14)
k=1 j=k
e, =miby, i =1ton. (15)

Similarly, Eq. (9) can be replaced with

i
Ni=d;+ ) dydy. (16)
k=1
i
di=>"% dy;ded;. i=1ton (17)
k=1 j=k

From robot dynamics, the force f; and moment n; exerted on link i by link i - 1 in the base coordinate frame, is well-
known to be

fi=[fu K fzi]T =Fi +fi1, (18)

T
n=[ng Ny ng| =0+ N+ L x F+pf x fig, (19)
where I =[L; L Iz]"=p; +1{™, P}, =Pis1 — Pi.

The mass of the end effector can be included in the mass of link n. In accordance with Egs. (10)-(19), f; and n; can be
calculated as

n i n n n
fi=ZEk+ZZejqu+ Z Zefqu’ i=ntol, (20)

k=i k=1 j=i k=it1 jk
i i n i+1 n n n
n =0 +di+ ) ddie+lx e+ epd | +p7 x| YD e+ D] D epdi+ > D epd
k=1 k=1 k=it1 k=1 j=it1 ke=it2 j=k
=Njy1 + Mic+Nigy +Nigp + N3, § = ntol, (21)

where n;., nj;;, 035, and n;,3 are 3 x 1 vectors, as follows:

dxn + lyn€zn — Lneyn + Dynit) frnr1) — Pty fyama)
Ne=dy+1; x e+ Ppyy x g = dyn + Lnexn — binean + pz(n+1)fx(n+1) - px(n+1)fz(n+1) ,i=n, (22)
Azn + Lneyn — ynexn + Pxni) fyame1) — Pyany fxnet)

_dxi + lyiezi - lzieyi + p;,'Ez(iH) - p;,'Ey(iH) n
N =d; +1; x &+ p; x Epq = | dyi + Liexi — Li€zi + PyExin) — PyiEeivn) | Ei= Y €. i=n-1tol, (23)
| i + Lieyi — lyiexi + PyEyvny — PyiExrn) k=it1
B i .
(dyik + Liezik — Lieyix) Gy Gy
) k=1 1
1 . i . Q| .
N =Y (di+ 1 x e = | 3 (dyi + Lieyix — hi€zi) Gk | = [nilal N, . niial] . |,i=ntol,
k=1 k=1 :
1 .
> (i + Lieyic — Lyiexi) G di
=

[Mia1 Mo o M| =[dan+Lixeq dp+lixep ... di+lxey], (24)
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i+1
kZ (PyiEziiv 1)k — PoiEyiirn) i Gy
. -1 H
L B i+1 i 42
N = Ppj x ZE(i+1)kQI< = | ¥ (PhExivvk — PiEzirn)dx | = [nilaz N ... ni(i+l)a2] .
k=1 k=1 :
i+1 ..
kz (PeiEyairk = PiExcivtyi) dk Qi1
-1
[Pz Moa - Mgena] =[P} xEwnr P xEgaz oo B x By |,
n
E(i+l)k: Z ej](izn— 1 tO], (25)
J=i+1
S
B n T .
Z (p;iEzkk - piEykk)qf g2
k=i+2 .
n n .
N =p; x Y Eudi= Y (PhiEsk — Do) | = [0 0 ... mgoas 0 Mg || ,
k=i+2 k=i+2 dit2
n
Z (p;iEykk - p;iExkk)(jk
L k=it+2 - ..
L dn |
[ o o0 .. Nji2)a3 R | ] = [ 0o o0 .. pl* X E(i+2)(i+2) . p,* x Enn ]

n
Ekk = Zejk, i=n—-2to1, Mpa3z = Np-1)a3 = 0
j=k

(26)

In order to reduce the number of counts, the vector n;,; can be included in the vectors n;., nj,;, Ny, and ny,3. In this
way, Eq. (21) is transformed into

n =0+ iy + 0 +03)§ i=ntol, (27)
where §=[§; ¢ ... dn]Tis an nx1 vector, n’;. is a 3 x 1 vector, and n’;;;, W, and N';,3 are 3 x n vectors. They are
given in the following equations:

e = Nippye + Mic, (28)

n n
Wi =[Wia Wog o Wiy ] = |:Z (dig + o xe) Y do+lixey) .. dutlx enni|, (29)
k=i k=i
n-1 n-1 n-1 n-1
N = Z M2 Z Mioa2 Z M3 Z Mga2 - D_1)(-1a2
k=i k=i k=i k=i
n-1 n-1 n-1 n-1
= Z (P < Egke1y1) Z (P < Egk1)2) Z (P < Egk1)3) Z P; xEgsna) o Mgopm-na2 |-
k=i k=i k=i k=i
(30)
n-3 n-2

Wis=|0 0 pjxE;z (pj+p3) xEu . Y 0fxEu oy D P) x€m |. (31)

i=1 i=1

The forces and moments exerted on link i by link i — 1 in the coordinates of link i — 1 are

- R R A AT . R R . 1T

f,‘ = [fxi fyi fzi] = D;-l;] fi and n = [nx,» nyi nz,-] = D};] n;. (32)
The projection of n; along the axis of motion of joint i is

U=z | m, (33)
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where z;_; is a unit vector of the axis of motion, given in the first three elements of the third column of the matrix T;, Eq.
(A.2). Consequently, using Eqs. (22)-(33), the joint torques u; are

n
ui:Zhij(jj-Ful{, i=1ton, (34)
i1
n
Z hijij =zl (g1 + 1o +1i3) @, (35)
=1
u =1z 0. (36)

Herein, ¢;(t;) and §;(t;) are used to calculate hy, Eq. (35), and uf, Eq. (36), as given at the beginning of Algorithm 1.
The computations needed to solve the linear system of Eq. (34) in order to compute {;(t;) can be performed using
Gaussian elimination.
5. Examples

5.1. Calculation of vectors by, and by, of 6-DoF serial-chain robot

Herein, the calculation of ¥{™, Eq. (5), of a 6-DoF serial-chain robot as a function of the vectors by and by, needed for
the calculation of vectors e; andey, Eqs. (13)-(15), is systematically presented.

"li’” =bud + bmfﬁ (37)
VE™ = by1G1 + baoda + band? + ba12G1Ga + baxod3 (38)
Vi = biydr + bipda + bizdis + biid? + bindida + bizdids + binad? + bipsdads + bissg3, i=3,4,5,6 (39)
v =v3 (40)
V" = biga + birad1Ga + binadaa + bizadsda + biaadada (41)
V=V V) (42)
V"; = bisds + bisd1ds + binsGads + bisdsds + bissGads + bissdZ, i=5,6 (43)
",gm — ‘;/5 + v'//s + V;//S (44)
VI = Vs + Vs + V"6 + besdic + [De16d1 + Deasz + Pe3sds + Deasda + bessds + bessdsde (45)

The vectors by, and by of the serial-chain robot Lola 15 (RL15) with six rotational DoF, Fig. A1, are given in Appendix B.
5.2. Calculation of vectors dy, and dy; of 6-DoF serial-chain robot

Herein, the calculation of the vectors N;, Eq. (15), of a 6-DoF serial-chain robot as a function of the vectors dy, and dy,
needed for the calculation of vectors n;c and n;,q, Eqs. (22)-(24), is systematically presented.

Ni = dy gy + dyp ? (46)
N’ = diyG1 + dipGp + dinn @3 + digaG1Gz + di2d3, i =2,3,4,5,6 (47)
N, =N, (48)

N; = disdis + di13G1G3 + dix3G24s + di33G3, diz = dpp, dig3 = dipp, dip3 = 2dip, and diz3 =dypy, i =3,4,5,6  (49)

N; =N'5 + N3 (50)
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N"; = digGa + di1aG1Ga + dinad2qa + dizad3qs + digads, i =4,5,6 (51)
Ny=N,+N',+N", (52)
N""i = dis§s + dinsq1qs + disG2qs + dizsd3qs + diasGaqs + disssgs, i = 5,6 (53)
N5 =N'5+N’5 +N”5 + N (54)
Ng =N's + N’ + N6 + Ny + dgglje + de16d146 + ds26G2G6 + de36q3ds + deasdads + desedsds + dessdsdo (55)

The vectors dj and dy; of industrial robot RL15 are given in Appendix B.
5.3. Vectors n';., Wiyq, Wigp, and n'g3 of RL15
Calculation of the vectors 0y, 0'j;;, W3, and 0,3, Eqs. (22)—(31), for the RL15 is presented here.

5.3.1. Vectors n'j.

Ne.=dg+1g xeg+p7 xf; (56)
n'sc =0 +ds + 15 x es, (57)
Ny =0'5.+ds+ 14 x ey, (58)
n'3c =Ny +ds +15 x e3 + p x E4, where E; = e4 + €5 + eg + f7, (59)
n'yc =n'5c +dy +1; x e+ pj x E, where E3 = E4 + e, (60)
My, = Nye, + diz + lixery — hiyery + pi,Ey2 — PiyExa, Where Exy = Ex3 + €x, Ey, = Eys +ey,. (61)

5.3.2. Vectors n';y;

/
N 6a1 =[n/61a1 Wear  Mesar Mgl MWesar n/66al]

=[de1 +1lsxes dey+lsxes des+lsxess destlsxess dos+lsxess dos+lsxes] —(62)

/ / / / / / /
531 [n 5tal 5221 M5331 Misga; Mgz N 66al]

6 6 6 6
Da+hxen) Y dot+lhxey) Y (ds+lixes) D (du+lxew)
k=5 k=5 k=5 k=5 (63 )

6
XY (s + 1 x €ys) g1
k=5

/ / / / / A /
My = [l'l 41a1 MWag2a1 Myg331 Myggar M55 N 6631]

6 6 6 6
=Y da+lxeq) Y o+hxen) > (st+hxen) D (dy+lixew) Wssa Neea |, (64)
P k=4 k=4 P

/
N3y = [n/31a1 031 M3z Mg N5y n/66a1]

6 6 6
Do +lhexen) Y (dothxey) Y (dg+lixes) MWig Wssa  Wega |, (65)
k=3 k=3 k=3
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/ / / / / / /
Noa1 = [ﬂ 21a1 Mp2a1  M3331 Migga1 Missap N 66a1]

k=2 k=2

6
/ ’
Maiz = Z (dklz + lkxekly - lkyek]x) N'22a1z
k=1

5.3.3. Vectors n';,,

040 =5y =g =0
n's3; = [n,3la2 W31 N3z Ny O

where Ex4qq=€x41+€xs1+€xe1, Eyar=€ya1+eysi+eyer, Exn=€gr+e€sy+eqy, Ej3=€43-+€53+€63, Egg=€44-+€54-+€64

/ / / ! /
N = [n 212 Mo Mp3yy M3z 0

6 6
Do +hoxen) D (do+lixen) Wiy Nam  Wssa MWeear |,

! / / !’
M'3331z  Ma4a1z  Ms5a1z  Me6alz

0] = [P§ xEq Py xEgp P xEg pj xEgy

0]

3 3 3
= Z Py < Eqernyn) Z Py < E(y1y2) Z P; xEgsnz) N 0 0],

k=2 k=2

k=2

where Ex31= Exg1+€x31, Ey31= Eys1+€y31, Ezp= Egp+e3;, E33= Eg3+es33

/
Wi =[N Npp Wany Nim 0 0]

3 3
= Z(PZXE(kH)l) Z(DZXE(IM)Z) Ny Ny 0 0],

k=1 k=1

/ !/ / / /
Mia2z = [n z11a2 MWz12a2 M23a2z 34227

= [2122 + Pi,Ey21 = P, E21 022202 + PiiEy22 — P Exa

0 0]

where Exy1= Ex31+€x21, Ey21= Ey31+€y21, Exoo= Ex3p+e€x22, Ey2o= Ey3p+eyan.

5.3.4. Vectors n'j;3

6 6

N33 =P; x ) Egle = ) Mja3lie, Where Ess = ess + €65, Egs = €g,

k=5 k=5

6 6
N3 =P5 x Y Egli =) Ny,
k=4 k=4

6 6
N3 =P x Y Bl =) Mgz,
k=3 k=3

n’3a3:[0 0 0 0 nmn3 ﬂ36a3]=[0 0 0 0 p;xEss

My6q3 + n36a3]

53 = [0 0 0 myy3  Mpsgs +N3503

=[0 0 0 p;xEu (p5+p5) xEss (P5+P;) x e,
N3 = [0 0 N33 MNyges +Mpge3  Mise3 + Nosg3 + N353

=[0 0 pjxEs  (p]+p;) xEu

(P} +p; +p3) xEss

W32, M3aa2, 0 0].

P x €5,

Ny6a3 + Mp6a3 + n36a3]

(P} + P +P3) x €.

11

(68)

(69)

(71)

(72)

(76)
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5.4. Numerical example (toy model) of 4-DoF spatial disorientation trainer (SDT)

A numerical example (toy model) of the SDT is given in order to explain all the key steps of the approach proposed
in the paper. The SDT is designed as a 4-DoF manipulator with rotational axes, Fig. A2. The vectors ey, ej, d;, d;, and
r{™, needed for the calculation of the vectors nnc, Djc, Nja1, Njzp, and Ny,3, Eqs. (22)-(26), are given in [40]. Herein, p} =
alca st 01Np;=[0 0 d I p;=p;=p;=0.

The vectors n'j., W'j31, N'j5p, and 0,3, Eqs. (22)-(31), for the SDT are

Ny =dy+1yxeq, n3c =ds +13 x €3, myc=dy +1 x e; +p3 x E3, nyc

=d; +1; x e; +pj x E; where E3 = e3 +e4, E; =E3 + €3, (77)
4 4 3 3
Ny =Y (g + g x €)= Y Mg Gio M3a1 = (dag + 13 x €3)G = Y Ngjar G (78)
k=1 k=1 k=1 k=1
2 2
Ny = Y (dy+ 1 x €x)di = ) Myarlie, Miar = (dyy +h x €1)d1 = Nprardy, (79)
k=1 k=1

Wiy =[Mga1 Niat Mgzt Nagar | =[da+lixey dpt+lixep dp+lixes du+lixey]| (80)

/
W3y = N3g + Mgy = [W3121 Wapa1 Wizar  Waga ]

4 4 4
Yo thixen) D dot+lixen) Y (d+lixes) Wi |, (81)

k=3 k=3 k=3

/ /
Moy = Mpy + M3 = [nlzm Ny, N33y n/44al]

4 4
=Y da+lxen) D (do+hxen) Ny i |, (82)
k=2 k=2
4
Wi =M + 0o = [Wna Woar Wasar Wagar|=| ) (A +loxen) o Wi Waga |, (83)
k=1
Ny =0, p;=0=n3;5 =0, N4y =03, = [0 0 0 0], (84)
Wy =[Py xEsn  psxEp pyxEs 0], (85)
;= [PT x Ey1 +Pp5 xE31 pj xExpp+p; xEsp  p3 x Es3 0], (86)
where E3; = €41 + €31, E3p = €45 + €33, E33 = €43 4 €33, Ex; = €31 + €31, Exp = €3 + €, (87)
N3 = [0 0 0 pj5x E44], 3 = [0 0 p;xEs  (p;+ps)x E44], where Eqq = €44. (88)

The vectors zinl, required for the torque u; calculation, Eqs. (34)-(36), are given by Eq. (89). Herein, shorthand notations,
sin(q;) = s;, cos(q;) = ¢, sin(q; + q;) = s;, and cos(q; + g;) = ¢;, and HTMs of the SDT, given in [40], were used.

[0 0 1].z{=[0 0 1].Zf=[s2 —c2 0], ZZ=[s2 —ciz O]

[C12C3 $12C3 53]~ (89)

z) =
Zg =
In this numerical example, the consecutive link positions g;(t;), velocities ¢;(t;), and accelerations {;(t;) of the SDT are
used as the input. Based on these data, and the inertial and geometric parameters of the SDT links, the torques u; are cal-
culated using RNEA and proposed mRNEA. The same results were obtained using both algorithms, Fig. A3(a). Consequently,
solution of the linear system of Eqs. (34) gave the values of §;(t,) that coincides with the input accelerations, Fig. A3(b).
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Table 1
Computational complexity of presented O(n) forward dynamics al-
gorithm applied to robots with different numbers of links.

n=3 n=4 n=>5 n=6

241M 188A  484M 376A  854M 662A 1356 M 1038A

Table 2

Number of computations to solve for FD.
Method Multiplications  Additions
Walker and Orin’s method 1 (1982) [5,6] 3418 2502
Walker and Orin’s method 2 (1982) [5,6] 2308 1692
Walker and Orin’s method 3 (1982) [5,6] 1627 1255
Featherstone (1983) [32] 2190 1915
Saha - based on DeNOC (2003) [29] 2008 1919
Mohan and Saha - based on DeNOC (2007) [30] 1948 1667
FD based on mRNEA - presented method 1356 1038

6. Computational efficiency

A detailed description of the computational efficiency calculation (counted arithmetic operations for all terms) of the
proposed FD algorithm as applied to RL15 is provided in Table C1.

In Table C1, it is shown that the numbers of computations to obtain the joint accelerations of 6-DoF robot RL15 are
1480M and 1152 A (here, M stands for multiplications/divisions, and A stands for additions/subtractions). In order to com-
pare the computational complexity of the presented algorithm with similar algorithms, r{™, pe, and If™ are herein also
considered as inputs into FD (247 M and 114A). Taking all of this into account, the total number of counts for FD is shown
in Table C1.

An identical algorithm which uses only the diagonal and bottom half of the off-diagonal terms is more efficient (Table 2).
Consequently, it can be concluded that the presented method for the FD calculation is one of the most efficient of all
methods given in the literature. Moreover, this algorithm is very simple to apply to a specific serial-chain robotic system,
which gives it a significant advantage over the other presented algorithms in the literature.

In Table 1, the number of counts of the proposed FD algorithm depending on the number of links n is given. Similar to
the computational complexity of the recursive NE inverse dynamics algorithm, the presented algorithm is of order (n).

Table 2 lists a comparison of the computational complexity of seven methods to solve FD for a serial-chain robot with
six rotational DoF.

7. FD algorithm relative to manipulator actuators

Similar to Eq. (1), the motion equations for the manipulator relative to the torques/forces of the robot actuators can be
written as

Hu(qQ)§+u'5(q, 4, kea) = u,, (90)

w3 (q, 4. Kea) = Ca(q, Q)4+ (q) +J (@) "Kea+F,q + Fysign(q). (91)

Herein, Ha(q), w'2(q. §. Kea), and u, relate to the actuator rotors; terms u;i and hy;; for the RL15 are given in Appendix D.
F, denotes an n x n diagonal matrix of viscous friction coefficients fy;. The static friction torques are considered as Coulomb
friction torques; Fs is an n x n diagonal matrix of the Coulomb friction constants. Although the Coulomb friction constant
takes one value when ¢; = 0, the static coefficient (and lower value when ¢; # 0), the dynamic coefficient, and the same
value pg; of this constant are assumed in both cases [47]. Herein, sign(q) denotes an n x 1 vector whose components are
given by the sign functions of single joint velocities.

Point 4 of Algorithm 1 calculates the actuator torques u,, which are thereafter correct according to the actuator capabil-
ities. If some absolute value of u,; exceeds its limit, it is reduced to the maximum possible. These achievable values of uy;
are then used in the following linear system of n equations to calculate the achievable (realistic) joint accelerations {;:

n
> hijdj =g~y i=Tton 92)
=1

Finally, the joint velocities and positions are calculated as described at the end of Algorithm 1.
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8. Results: verification of proposed FD algorithm

The proposed FD algorithm was tested during a simulation of different movements of the RL15 within its simulation sys-
tem. The considered application program consists of 13 movements of the RL15 (the end effector path is shown in Fig. A4).
In the first 10 movements, the end effector moves along the path without stopping. The first movement is PTP, the next
nine are CP, and the last three are PTP movements.

The maximum link angular velocities and accelerations of the RL15 for axes i=1 to 6 are 3.05, 3.46, 3.08, 2.66, 1.62, and
6.67rad/s, and 3.75, 2.1, 3.75, 3.75, 1.5, and 6.0rad/s?, respectively. Within the simulation program, the external forces were
Jex=100, fey =100 and fe; =150N, and At was 0.01s. Herein, the determination of the inertial and geometric parameters of
the robot links is performed using the CATIA software. The viscous friction coefficients and the Coulomb friction constants
of the robot joints are given in Appendix D. The geometric coupling effects of the link movements, the gear ratios of the
robot links and the terms u;i and hy;j, Egs. (90)-(92), are also given in Appendix D. The motor data for RL15 are presented
in Appendix E.

Fig. A5 presents the diagrams of the joint torques u; calculated with the ordinary RNEA (ordinary ID algorithm) and
with the mRNEA. The results of the simulation presented in Fig. A5 prove that the joint torques calculated with these two
algorithms are identical in each interpolation cycle.

Algorithm 1 was also tested in the presented simulation example. Figs. A6 and A7 show the actuator torques and link
angular accelerations, velocities and positions, respectively, calculated with and without the application of Algorithm 1. From
these diagrams, it can be seen that for certain interpolation cycles, the actuators cannot achieve the required torques for the
programmed velocities and accelerations, which produces delays in the programmed link movements. From the diagrams
given in the presented figures, it can be seen that Algorithm 1 calculates only achievable joint velocities. Owing to this fact,
contributions of the presented algorithm are as follows:

(1) It can be used to program the feasible robot movements;
(2) It can be used within the robot design given that it enables the calculation of the true values of the forces and
moments acting on the robot links and joints (taking into account the robot actuators’ possibilities).

The diagrams presented in Figs. A6 and A7 show that in the interpolation cycles when the robot axes cannot achieve
the accelerations of the programmed movements, Algorithm 1 replaces the unachievable values of the joint velocities and
accelerations with values that can be achieved. Consequently, the end effector path differs slightly from the programmed
path.

9. Conclusions

Dynamic model-based robot simulation is necessary for the correct simulation of robot movements. In order to check
if the desired joint velocities are feasible, a dynamic model-based robot simulation system relies on a robot FD model and
computes the joint accelerations in every interpolation cycle.

In this study, the mRNEA that gives the mass matrix H and the bias vector u’of a dynamic model was explicitly pre-
sented. Consequently, the proposed mRNEA allows for solving FD by calculating ID only once. It was shown that this FD
algorithm does not need to determine the input vector u of the FD algorithm, which additionally increases the efficiency of
the presented method. Compared with the other methods given in the literature, the algorithm presented herein is one of
the most efficient (Table 2). Apart from that, the method proposed herein is very simple to develop and implement.

The development of the proposed mRNEA and its application in the FD algorithm was presented using a serial-chain
robot with six rotational DoF.

An algorithm which calculates the achievable joint velocities in each interpolation cycle based on the FD model and
actuator capabilities was also given herein (Algorithm 1). This algorithm enables the setting of only attainable joint velocities
within each interpolation cycle as determined from the joint acceleration by taking into account the achievable actuator
torques. As a result, a precise simulation of the robot movements is provided, and calculation of the realistic forces and
moments of the robot joints can be achieved when the simulation system is used in the design phase. Algorithm 1 can
indicate to the operator that the programmed parameters of the movements are not achievable.
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Appendix A. Kinematics of RL15

The robot links of the RL15, shown in Fig. Ala), and their coordinate frames are denoted by the Denavit-Hartenberg
(D-H) convention, Table Al.
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Fig. Al. (a) Coordinate systems, mass centres and forces and moments of links of robot RL15 with six rotational DoF having three revolute joint axes

intersecting at wrist. (b) Geometric coupling effect of movements of links 2 and 3.

Arm - link 1

Gondola - link 4,
pitch axis

Voo Xy Roll ring - link 3 (b)

Gyroscope
frame - link 2

N
X

Fig. A2. (a) 3D model of the four DoF SDT. (b) Coordinate frames of the SDT.

Table A1

D-H parameters for the RL15 links.
Link  Variable [°]]  a [mm] d [mm] o [°]
1 q a;=200 O a1 =90
2 q2+90 a,=600 0 0
3 qs a;=115 0 o3=90
4 Q4 0 dy =825  a4=-90
5 qs 0 0 a5 =90
6 0 0 0 0
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Fig. A3. (a) Link torques u; calculated using RNEA and mRNEA. (b) Link accelerations of SDT.
The HTMs, which describe the relation between the successive links of the RL15, are
_C1 0 S1 C1 aq —S7 —C 0 —-sa C3 0 S3 C3 a3 + S3 dy
op, — | St 0 —ca siay L _| 2 S 0 ca . | S3 0 —c3 s3a3—c3dy
1o 1 o o | 20 o0 1 o0 [ 27|01 o0 o |
|0 0 0 1 0 0 0 1 0 O 0 1
B Cy 0 S4 0 Cs 0 S5 0 Ce S6 0 0
3 _ | =54 0 Cy 0 40 | S5 0 —Cs 0 50 | —S6 Ce 0 0
=t 0o 1 0 of ®=|o 1 o of M=o 0 1 0 (A1)
| 0 0 0 1 0 O 0 1 0 0 0 1
Based on these matrices, the positions and orientations of the links and of the end effector with respect to the variables
g;, i=1 to 6, are determined from the following matrices:

€1
$1
0
0

Ty

V1s
V17

Vig
0

T, =

0 5 104 —C1S;  —C1C S

0 —C1 S101 T — —$182 —$1Cy —C1

1 0 0 I"?27| o -, 0

0 0 1 0 0 0
~V, 1 Xs Uy Vig dxe Xs
—Vs Vig Yo Te— | V23 Vs Gy Yo
~S33 Voo Zg |0 ° |vs v ax Zs
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S$1VUs —U3 —C1 Vg
, Tz =
00y 23 0 53
1 0 0 0
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Fig. A4. Example of end effector path and velocity ve. of end effector during movement and movement simulation of RL15.

V1 = (1523, V2 = C1C23, V3 = 81523, Vg =S1C23, Vs = A1 — V13, V1p = 2303 + Sp3dy, V13 = $203, Vg = Coa,
Vis = —V1Cq — S154, Vie = S1C4 — V1S4, V17 = C154 — V3Cy, V1g = —VU3S54 — C1C4, V19 = (23C4, V0 = (2354,

Vg1 = V15Cs — UzSs, V23 = V17Cs — V4S5, Uzs = V19Cs — 52355, V31 = d4Co3 — 52303, Mg = V21Cs + V166,
Ny = V23C6 + V1856, Nz6 = V25C6 + V2056, Ox6 = V16C6 — V2156, Oy = V18C6 — V2356, 0z6 = V20C6 — V2556,

Uys = V1555 + V2C5, Gyg = V1785 + VaCs, Oz = V19S5 + 523C5, Xg = C1Vp, Y = S1Vo, Zg = V1 + V14, Vo = Us + U31.

Appendix B. Vectors by, by, i, and dj,; of RL15

The link angular velocity ®;, angular acceleration @;, linear velocity v;, and linear acceleration V;, 1, i=1 to n, for a robot

with n rotational joints are calculated as

Wi =W +Ziqi1,
W1 = O +Zi (i + @ X Z Gy,
Viel = Vi + @i X Pi iy,

Vigr = Vi 4+ @i X Piiq + @i X (@1 X Pfiq).

(B.1)
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Fig. A5. Joint torque u; calculated with ordinary RNEA and with mRNEA.
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Fig. A6. (a) Actuator torque u;, calculated with and without Algorithm 1. (b) Link angular acceleration §; calculated with and without Algorithm 1.
The vectors by, and by, of the RL15 are calculated using Eqs. (4) and (B.1) as follows:
. T, T.
ng = [p;q =y p;1 +Tx1 0] qi + [_blly by1x O] Q%, (B.2)
—S1VUs5 — T2 C1Vs —bayy X Vgay + S1V10 C1V7 5
Vi =| Vs +ra |§i4|Si1Vs |Ga+ | bax |47 + | Vo2 — C1V10 |G1G2 + | S1V7 |43, (B.3)
0 —V7 0 0 U1
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Fig. A7. (a) Link angular velocity ¢; calculated with and without Algorithm 1. (b) Link angular positions g; calculated with and without Algorithm 1.

Vg = —Tzp — V14, V7 =V13 —Silyp — Cilxa, Ug = —C1S2, Vg = —S1Sp, Vyp = 2Tz, U1y =T — V14, Vi3, and vy4 are given in Eq.

V=

(A2)and p;=p1—-po=a1[ ¢1 s
Yo -1 —C1bpp
Xe+ 1 |Gi+| —sibp
0 biz —v13
c1biz —c1bjs
+ | siby

big — 114 big

o
—C1big
G2+ | —s1bis |G3 +
bi3

_bily

bis + vg1

bis

bix |42 + | —bie + Ver |d1d2 + | —bis |d1d3
0 0 0

43+ | —s1bi [ (24245 +¢3), i=3.4,5,6,

(B.4)
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Xe, Y6, and vy are given in Eq. (A.2), and by = V13 4 V14 + I3, bz = V31 + bjg, big = 2(V12 + 1), bjs = s1bja, big = ¢1by, b7 =
V13 — bz, big = V1a — 124, big = S1Ty; + C1Txiy Voo = V33 — S12, Vg = Vaply Vg = C1p — V32, U3p = Upe(p.

. b —biyy C23Tyi — C1biy + V4V Vabjiy — S3bing
V’i= | bi [Ga+ | 2| bio |d1+ | —Ca3rui — S1bina — V2Ve | (2 +G3) + | S23bito — Vabina | G4 |44,
bio 0 bi1z + s1bi11 + c1bino Vabj11 — Vabing
bito = Varyi — $231yi, bty = 237 — Valyi, by = Voryi — Valyi, bjyz = Vs — 141y, 1 =4,5,6. (B.5)

. . —biis —C1big Vabia — s23bits V1gbita — Vaobits
V"i=[bus bus bua] G5+ |2| bus |G1+2| —sibua [(d2+d3) + 2| Sasbitg — Vabina |da + | Vaobize — Visbina |ds |ds
b

0 i17 — C4l7i Vabj1s — Vabje V1sbits — Vighite
bitg = vigTyi — V1sTi, Dits = VaoTxi — Vi6Tzis bite = VisTzi — Vaolyi, bity = V2o (ST — Ci1yi), i=5.6 (B.6)
—VUs3g —C1V37
s 2| v3s |q1+2| —s1V37 | (42 +43)
5 0 v
. . . . . 70 ;
V" =V + V6 + V"6 + | Usg |Gs + gs. (B.7)
6 Var VagTz6 — V4lys + Vst 2(V71 + Ve4) + Vo7 Vg7
+| Vaglxs — VazTz + Vs2 |qa + | 2(V72 + Ves) + Vss G5 + | Vss [ds
VazTys — Vaglxe + Vs3 2(V73 + Vg6) + Vsg Veg

Uxg, Gy, and azg are given in Eq. (A.2), and w35 = QygTz6 — Uz6Ty6, V36 = Uz6Tx6 — Ax6T26, V37 = UxaTys — AyeTxe, Va7 =
V4Qz6 — $230y6, V48 = S230x6 — V2lz6, Vag = Valye — V4lxe, V61 = V4V37 — S23V36, Vp2 = S23V35 — VaV37, Vg3 = VV36 — V4V3s5, Vs =
—(V18ays + V200z6)Txs, Ves = —(V200z6 + Vi6lxe)Tys, Ves = —(Vi6lxs + V1slys)Tz6, V67 = QysV37 — Uz6V36, Veg = Uz6V35 — UxsV37,
Vgg = OxgV36 — AysV3s, V70 = S1V36 + C1V35, V71 = (V20Tz6 + V1gTye)dx6,V72 = (V1Tx6 + V20726)Ay6,V73 = (V1gTys + Vi6Txe)zs-

Herein, the mass centre coordinates of the RL15 links in the coordinates of these links and its end ef-
fector are as follows: #™=[ —0.086 -0.1875 —0.00012 1%, ™ =[ -0.4454 0.0283 0.0033 1%, "=
[ 0.00225 0.00017 -0.7223 T, fmM=[ 0. 0212 0.00082 1%, FM=[ 00 0.027 0.007 1%, M =
[ 00 00 0195 |T, and pe=[ 0.12 0.12 035 |T.

The vectors d;, and d;; of the RL15 are calculated using Eqs. (7) and (B.1) as follows:

T,
Ni=[0 0 Ii]di, (B.8)
—hai | diy ) Ly , cdia | cdi3 ,
Ni=| Ly |G+ | —di |Go+ | —lzi |47 + | S1dia |G1d2 + sid; a3, (B.9)
L —d;3 0 —2d;5 dilLyi + dig

di =c —s?, diy = Lis1 + Lyic1, dp = Lyis1 +1yic1, diz = Leist — hzic1, dia = Li + i — L,
dis = LiC1 + Izi81, dig =s1¢61 (g — 1), i=2,3,4,5,6

N’; = diz@s + di13G143 + dip3G2G3 + di33f?§7

dz =d;, djjz =djp. dipz =2dp; and djz3 =djpi =3,4,5,6 (B.10)
- 2lyziS23 — Vadia | din + Vadiz + sp3dip — C1byg
N”i=[d7 dis dio] da+ || v2dia — 2Lis2s |41 + diny + Vadiz + Sp3din — s1dig
2d;10 diiz — V4diy — V2dpp + 51dig + C1dy7

o Vadig + S3dig | ]
(G2 + q3) + | S23di7 — V2dig |q4 |qa, (B.11)
Vadig — Vadi
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di7 = Livy — LyiVs — LziS23, dig = LV — LyiVa — L5823, dig = LiSas — LgiVo — LziVa, ding = LgiVa — Lz,
dinn = Lqv1 — LyiV3 — LyiCo3. dinp = LyiVs — Lyt — L5iCo3. dinz = ICo3 — LV — 103, i= 4.5, 6.

Lo [dia ding — V1gdia Vaodip — V1gdiz — C1disg + dizg
N; = |dis |45+ | | Viedia — di7 | G1 + V16di3 + V2odin — $1diz6 + dino (G2 +q3)
dits 2d;19 S1diis + C1djig — Viedip — Vigdiy + dipz
ding + Vading — S23dj15 + Visdio — V2odig V18dite — V2odits
+| dips — V2dji6 + $23di14 — Visdig + V20di7 |qa + | V20diia — Viedine [ G5 |Gs. (B.12)
dins + V2diis — Vadia + V1sdis — Visdyy V16dits — Vigding

diia = Liis — Lyiv1g — LwiV20. dits = Lyivis — LyiVis — LyziV20. dite = Livao — Lyitis — Iyzivis.
di7 = 2ly;iv20, ding = 2lyiV20, ditg = LziV1s — lyzivis, diz1 = LiVsg — IyyiV39 — LiziVao,

diny = V39 — LyyiV3g — lyziVa0, dins = LiVag — LiV3s — LziV30, ding = LiVa1 — LyyiVaz — LiziVas,
dips = Lyivay — LyiVar — LziVa3, dips = LiVa3 — LiVa1 — LyziVa2, 1 =5, 6.

N6 = N'6 +N"g + N"6 + Ng -+ dgedis + de16d10s + de2sd2ds + de3sd3de + deasdads + dessisde + dsesdeds

d ) ds ] dg ] ) dy ) dia ) d4ay6 — d3az o
= |d3[Gs+ || ds|G1+ | do [(G2+G3)+ |di2 [Ga+ |dis |G5+ | d2az6 — daaxs |Gs |G- (B.13)
dy dy dio di3 dis d3ays — dZayG

d2 = Ix6ax6 - Ixyﬁayﬁ - Ix26az6» d3 = IyeayG - IxyGax6 - Iyz6a26s d4 = Iz6a26 - Ixzeax(i - Iyz6ay6»

ds = —Iysay6 — Iyslxs, ds = Lyslys + lysaxs, d7 = lxz60y6 — lyz60xs, ds = IxsVas — lyysVas — LzsVas,
dy = LyeVss — LyeVas — lys6Va6, dio = Li6Vas — lxo6Vas — ly6Vas, din = Va7 — LysVag — 69,

diz = lyeVag — LyysVa7 — lyz6Va9, d13 = LgVag — ly6Va7 — lyz6Vag, dia = LeVs0 — LyeVs1 — lusVs2,

dis = lygVUs; — LyeVso — LyzsVs2, dis = LeVsy — LzsVso — lyz6V51.

R L —Lyi Il . ix" 9 0
E"=DI™Df = | Loy i —ha|.E"=|0 [; 0| i=1t06. (B.14)
—Ixzi —lyzi zi 0 0 Izi

i;?m is the 3 x 3 constant moment-of-inertia matrix of link i about the link centre of mass in the coordinates of link
i. Herein, only the principal moments of inertia I, I;, and I; of the robot links with respect to the x, y and z axes are
considered, i.e. the cross products of inertia are neglected. A R

The moments of inertia around the x, y and z axes, respectively and the masses of the RL15 links are I,y = 19, Iy, = 1,157,
I,y =21.185, [p = 21.75, ;3 = 45, ;3 = 45.1, [;3 = 0.478, 4 = 2.691, [,4 = 0.23, [,4 = 2.7, [;s = 0.014, I,5 = 0.008, [s = 0.011,
Iys = 0.273, I, = 0.272, and s = 0.004 kgm?, m; =252, my =86.2, m3 =81, my =45, ms =4.5, and mg = 11 kg. Herein, I, Iy,
I,g, and mass mg relate to the structure of the link 6 and the end effector.
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Table C1
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Computational complexity of presented O(n) forward dynamics algorithm applied to RL15.

23

Forward recursion

Links Terms based on equations and counts Total counts
1to6 r{":4M2A, r§":12M5A, r{":12M7A, r§":19M9A, rf™:21M12A, rd":21M12A, Eq. (4); pe:9MB6A, Eq. (11); 1;:0M2A, 109M 63A
1,:2M3A, 13:0M3A, 14 = r{":0MOA, 15 = ré":0MOA, Is = r{":0MOA, p;:2MOA, p3:3MOA, p}:6M2A, Eq. (19);
1to6 lﬁm:6M3A, lg”’:llMGA, lg’”:lBMGA' If‘"' :36M12A, lg’”:36M12A, l%m :36M12A, Egs. (B.14) 138 M 51A
1 by1: OM2A, by;;:0MOA, Eq. (37) 0M 2A
2 by1:3M2A, byy:5M4A, by;1:0MOA, by12:5M2A, byyy:2MOA, Eq. (38) 15M 8A
3 bs1: 2M4A, bs3:4M3A, b33:4M3A, bs11:0MOA, bs15:4M3A, bsj3:2M2A, bsyy:2M3A, bss: 3MOA, bisz: 2MOA, Eq. (39) 23 M 18A
4 by OM2A, byy:4M1A, bus:3M1A, bys:6M3A, Eq. (41); byy1:0MOA, bap:2M2A, bag3:2MOA, Eq. (39); bajs:2MOA, 42M 22A
Eq. (41); bgy:2M3A, byy3:3MOA, by33:2MOA, Eq. (39); byys:10M7A, by34:0MOA, bysy:6M3A, Eq. (41)
5 bs1: OM2A, bsy:4M5A, bs3:3M1A, Eq. (39); bss:6M3A, Eq. (41); bss:6M3A, Eq. (43); bs1:0MOA, bsy2:2M2A, 70M 38A
Dbs13:0MOA, Eq. (39); bsi4:2MOA, Eq. (41); bsys:2MOA, Eq. (43); bsyy:2M3A, bsy3:3MOA, Eq. (39); bsys:10M7A,
Eq. (41); bsys:7M2A, Eq. (43); bs33:2MOA, Eq. (39); bs34:0MOA, Eq. (41); bs35:0MOA, Eq. (43); bsqq:6M3A, Eq. (41);
bsas:9M3A, bsss:6M3A, Eq. (43)
6 b1 :0M2A, bgy:4M3A, bgs:3M2A, Eq. (39); bes:6M3A, Eq. (41); bgs:6M3A, Eq. (43); bgg:6M3A, Eq. (44); bg1:0MOA, 126 M 65A
Dbe12:2M2A, bgi3:2MOA, Eq. (39); be14:2MOA, Eq. (41); bg1s:2MOA, Eq. (43); bgis:2MOA, Eq. (44); beyy:2M3A,
bey3:3MOA, Eq. (39); beaa:10M7A, Eq. (41); beys:7M2A, Eq. (43); beas:5M1A, Eq. (44); bg33:2MOA, Eq. (39);
bg34:0MOA, Eq. (41); bgss:OMOA, Eq. (43); bgss:0MOA, Eq. (44); beas:2M1A, Eq. (41); beas:9M3A, Eq. (43);
Dbeas: 18M12A, Eq. (44); bess:6M3A, Eq. (43); besg:27M15A, bess:0MOA, Eq. (44)
1 e,:6MOA, Eq. (13); e;1:2MOA, Eq. (15) 8M 0A
2 €,:9M5A, Eq. (13); e1:2MOA, e,:3MOA, Eq. (15) 14M 5A
3 e;:18M13A, Eq. (13); e31:2MOA, e3;:3MOA, e33:3MOA, Eq. (15) 26M 13A
4 e4:26M26A, Eq. (13); e41:2MOA, es;:3MOA, e43:3MOA, e44:3MOA, Eq. (15) 37M 26A
5 e5:41M35A, Eq. (13); es;:2MOA, es,:3MOA, es3:3MOA, ess:3MOA, ess:3MOA, Eq. (15) 55M 35A
6 e6:59M50A, Eq. (14); es1:2MOA, eg:3MOA, es3:3MOA, egs:3MOA, eg5:3MOA, egs:3MOA, Eq. (15) 76 M 50A
1 d;:0MOA, Eq. (17); d11:0MOA, dy;;:0MOA, Eq. (41) 0M 0A
2 d,:6M3A, Eq. (17); dy1:0MOA, dyy:6M3A, dy;1:0MOA, dap:5M3A, day:4M2A, Eq. (47) 21M 11A
3 d;: 11MO9A, Eq. (17); d3;: OMOA, d3y: 6M3A, Eq. (47); d33: OMOA, Eq. (49); d311:0MOA, ds12:5M3A, Eq. (47); 26M 18A
d313:0MOA, Eq. (49); d322:4M3A, Eq. (47); dsp3:3MOA, d333:0MOA, Eq. (49)
4 d,: 20M17A, Eq. (17); dg1:0MOA, dg:6M3A, Eq. (47); dg3:0MOA, Eq. (49); dgq: IM6A, Eq. (51); dg11:0MOA, 78 M 52A
da12:2M2A, Eq. (47); dg13:0MOA, Eq. (49); dg14:9M3A, Eq. (51); dazp:4M2A, Eq. (47); daz3:3MOA, dy33:0MOA,
Eq. (49); dapq:19M16A, da34:0MOA, daqq:6M3A, Eq. (51)
5 ds: 32M30A, Eq. (17); ds;:0MOA, dsp:6M3A, Eq. (47); ds3:0OMOA, Eq. (49); dsq: OMBA, Eq. (51); ds5:9M6A, Eq. (53); 153M 113A
ds11:0MOA, ds12:2M2A, Eq. (47); ds13:0MOA, Eq. (49); ds14:7M3A, Eq. (51); ds15:8M3A, Eq. (53); dszp:4M2A,
Eq. (47); dsy3:3MOA, Eq. (49); ds4:21M18A, Eq. (51); dsps5:19M16A, Eq. (53); ds33:0MOA, Eq. (49); ds34:0MOA,
Eq. (51); ds35:0MOA, Eq. (53); ds44:6M3A, Eq. (51); ds45:21M18A, dss5:6M3A, Eq. (53)
6 dg: 56M53A, Eq. (17); dg1:0MOA, dg:6M3A, Eq. (47); dg3:0OMOA, Eq. (49); dgs: OMBA, Eq. (51); dgs:9M6A, Eq. (53); 246 M 176A
dgs:9M6A, Eq. (55); dg11:0MOA, dg12:2M2A, Eq. (47); dg13:0MOA, Eq. (49); dg14:7M3A, Eq. (51); dg15:7M3A,
Eq. (53); dg16:6M3A, Eq. (55); de:4M2A, Eq. (47); de3:3MOA, Eq. (49); dgra:21M18A, Eq. (51); dgys:19M16A,
Eq. (53); dgpe:13M7A, Eq. (55); dg33:0MOA, Eq. (49); dg34:0MOA, Eq. (51); dg35:0MOA, Eq. (53); dg36:0MOA, Eq. (55);
dgas:6M3A, Eq. (51); dess:21M18A, Eq. (53); desg:15M9A, Eq. (55); dgss:6M3A, Eq. (53); dgsg:27M15A, dggs:0MOA,
Eq. (55)
Backward recursion
6to1l n'6.:12M12A, Eq. (56); n'sc:6M9A, Eq. (57); m'4c:6M9A, Eq. (58); n'3.:12M24A, Eq. (59); n’5:12M18A, Eq. (60); 52M 78A
n':4M6A, Eq. (61)
6to1l NWea1:34M34A, Eq. (52); W'sy1:28M43A, Eq. (63); W'sa1:22M34A, Eq. (64); 0'35:16M25A, Eq. (65); 0'25,:10M16A, 112M 155A
Eq. (66); n'131:2M3A; Eq. (67)
6to1 n6,2:0MOA; n's5,,:0MOA; 1n'4,5:0MOA; n'3,,:22M33A, Eq. (68); n'5,:16M24A, Eq. (69); n’1,,:4M8A, Eq. (70) 42 M 65A
6to1 6,3:0MOA; n's5,3:0MOA; n'4,3:0MO0A; n'3,3:8M7A Eq. (71); m'5,3:18M13A Eq. (72); n'1,3:8M9A Eq. (73) 34M 29A
6to1 up:6MIA, 11:20M22A, u3:20M20A, u4:27M15A, us:27M15, ug:27M15A, Eqgs. (40) and (41) 127M 97A
Gj, j=1 to 6 calculation: Solving linear system of Eq. (34) using Gaussian elimination 106 M 91A

TOTAL: 1735M
1275A

Appendix D. Dynamic coefficients related to actuator torques of RL15

Fig. A1(b) shows that the movement of link 2 of the RL15 causes the unwanted movement of link 3 (geometric coupling).
For this reason, it is necessary to rotate the actuator rotor of link 3 when link 2 rotates. Consequently, the following is true
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Fig. D1. Geometric coupling effects of movements of links 4, 5, and 6 of wrist of RL15.

qa3 = k3 (3 + G2/k2). (D.1)

Fig. D1 shows the geometric coupling effects of the movements of links 4, 5, and 6 of the wrist of the RL15. The figure
indicates that the rotation of link 4 causes the unwanted rotation of link 5 (rotation ¢s4) and the rotation of link 6 in two
ways: through the gears of link 6 (rotation gg46) and through the gears of link 5 (rotation gg45). The rotation of link 5 causes
the unwanted rotation of link 6 (rotation ggs).

To prevent these undesirable movements of the robot links, it is necessary that when the rotor of actuator 4 rotates,
the rotors of actuators 5 and 6 rotate as well. For the same reason, when actuator 5 rotates, actuator 6 has also to rotate.
The gear ratios of the RL15 are k] =120, kz :,(3 =119, k4 :kka4khd4v k5 :kka5kkon5khd5kl5v ](6 :kkonGkthszkkoner ,(54 =kk05,
k64 =—1, k65:k6- kl(a4:kkf15 :24/14, khd4 =78, khd5:120v khd6 =50, kkonSZkkonG =1.6, kkoneG =1, and k25=k26 :10/15
Consequently, the following is true

a5 = ks g5 + ksa qa, and qas = ks qe + ke qa + Kes gs. (D.2)

The coefficients of the static and viscose friction are g =g =p3 =1gq =0.22, pgs =0.35, g =0.21, fu1 =fio =fi3
=0.00025, fy4 =fys =0.002, and f,5 =0.003, respectively.

When the coefficients of the static ps; and viscose fy; friction, gear ratio k;, and actuator moment of inertia I; are taken
into account for the RL15, the coefficients u/; and hy;;, Eqs. (90)-(92), are

Wi = (Ui + paisign(Gou /i + ki fuiipren, 1= 1,2, 4,

Uy = [U/3 + Ms35igﬂ(Q3)u3] us/ks + k3 fy3(Gaprev/k2 + G3prev).

Was = [U's + 1ssSign(qs)us | /ks + fus (KsaGapres + KsGsprev),

Uae = [u/s + MsGSign(QS)UG] /ks + fus (KsaQaprev + Kesqsprev + KeQsprev).
haii = hii/ki + k(I + fuiAt), i=1,2,4,

hasy = haz/ks + k3 (I3 + fuisAt)/ka, hass = hss/ks + k3 (L + fiz At),

hasa = asa/ks + ksa(las + fus At), hass = hss/ks + ks (Is + fus At),

W a6a = hea/ks + kea(lis + fus AL), W aes = hes/ke + kes(las + fis AL),

W 66 = hes/ke + k(s + fug At). (D.3)

where h,;; = h;j/k;, i=1 and j=2,3,4,5,6, or i=2 and j=13,4,5,6, or i=3 and j=14,5,6, or i=4 and j=1.23,5,6, or i=>5 and
j=123,6,0ri=6and j=123.

Appendix E

Axes 1 and 3 of the RL15 are actuated with the motors whose maximum torque is 17.8 Nm. The maximum number of
revolutions (MNR) is 3150 min~!. Axis 2 has a motor with a maximum torque of 38.6 Nm and an MNR of 2800 min~!. Axes
4, 5, and 6 have motors with a maximum torque of 3.47 Nm and an MNR of 3400 min~!. The moments of inertia of the
rotors and gearboxes elements reduced to the rotors are I;; =I,3 = 0.0042, I, = 0.009, I,3 = 0.0008, I,5 = 0.001, and I, =
0.0007 kgm?.
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